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Volume XIV. January, 1902. Number 1. 


THE 


PHYSICAL REVIEW. 


ON THE RELATION BETWEEN DENSITY AND INDEX 
OF REFRACTION OF AIR. 


By Henry G. GALE. 


F a body is compressed or its temperature varied, its density, d, 
will change and so also will its index of refraction, x. The 
problem of finding the relation between the quantities d and ” is an 
old one and one attended by some difficulties. In the case of 
solids and liquids the density can be made to vary only slightly and 
experiments cannot be conducted over wide limits. In the case of 
gases the density can be given a wide range, but the index of re- 
fraction differs but little from unity, and its variation with changes 
of density is small. 
Gladstone and Dale’ first proposed the very simple relation, 
1 


(1) z= const. 


This is the relation which would be expected if transparent sub- 

stances owe their refractive power to their molecules alone, and if 

the molecular index of refraction does not change with the density. 
Jamin’ proposed the formula, 


(2) q = const. 


a relation which follows necessarily on the basis of the emission 


1 Gladstone and Dale, Phil. Trans., p. 887, 1858; Phil. Trans., p. 317, 1863. 
2Jamin, Ann. de Chim, et de Phys., 3e série, T. LII., p. 163, 1858; T. LXI., p. 
358, 1861. 
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theory. For gases this relation is almost the same as that of Glad- 
stone and Dale, since 
(n—1)(m4+1) 2(n—1) 
n+ 1 being very little different from 2. 


Lorentz,' on the basis of the electro-magnetic theory of light, has 
- proposed the following formula, 


| — I 
(3) + 2) d 


= const. 


which comes at once on substituting ~ for D in Clausius: equation 
D+2 
that the relation (3) amounts to the same thing as relation (1) in 
| the case of gases since 


d=const., where D is the dielectric constant. It is seen 


(x 1) 
(f@+4+2)d (#+2)d | 


d 


colbo 


because # + 1 is very nearly equal to 2, and x’ differs but very little 
from unity. 
Jamin? was among the first to conduct experiments designed to 


test these relations. He measured the index of refraction of water 
at different pressures and found 7 very nearly constant, but 


Mascart? showed that Jamin’s results satisfied still better the equa- 
tion of Gladstone and Dale. 

Quincke $ verified the results of Mascart for water and found that 
for glycerine, Riibol, carbon disulphide, alcohol and ether, equation 
(2) always gave too large computed values and equation (3) too 
small values, while the values computed from equation (1) were 
nearly correct, being sometines a little too large and sometimes 


too small. 2 


1 Lorentz, Wied. Ann., Bd. IX., S. 641. 
2 Mascart, Comptes Rendus, ILXXVIII., p. 801; Pogg. Ann., Bd. CLIII., S. 154. 
3Quincke, Wied. Ann., Bd. XIX., S. 401; Bd. XLIV., S. 774. 
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R6ntgen and Zehnder' obtained results in agreement with 
Quincke’s for water, but they found that for the other substances 
equation (1) gave results consistently a little too large, but nearer 
than equations (2) and (3). 

Quincke attempted to measure the change in the index of refrac- 
tion of solids with a change of pressure, but the variations he was 
able to produce were too small to be measured accurately. 

Rudberg,’ Fizeau,*® Stefan, F. Vogel,’ Pulfrich,® Offret’ and 
others have investigated the change in the index of refraction of 
many crystals and transparent bodies as the temperature was varied 
over wide limits. 

Jamin,* Damien,’ Pulfrich,"”, Rihlmann," Willner,” B. Walter, 
Ketteler'* and others have found that the maximum index of re- 
fraction of water occurs at a temperature somewhat below that of 
maximum density, and have investigated the relation of # and d for 
water from temperatures below 0° C. to 100° C. They found that 


the quotient } -diminished slightly as the temperature was in- 


creased. The observations of Ketteler and Pulfrich for water give, 
for sodium light, the following values : 


n—t ni—t n?—t 

d d (m24+2) a 
At — 10° 33447, .78061 .20656 
At 10° .33363 .77922 -20618 
At 56.8° .33274 -77464 -20585 
At 95.2° 33189 -76998 -20583 


! Zehnder, Wied. Ann., Bd. XXXIV.,5S. 91; Rontgen und Zehnder, Wied. Ann., 
Bd. XLIV., S. 1 und S. 24. 
2 Rudberg, Pogg. Ann., Bd., XXVI., S. 291. 
3 Fizeau, Ann. de Chim, et de Phys., 3e série, t. LXVI., p. 429; 4e série, t. IL, p. 
143; Pogg. Ann., Bd. CXIX., S. 87 u. 297. 
* Stefan, Berichter der Wiener Akademie (2), LXIII., S. 223. 
5F, Vogel, Wied. Ann., Bd. XXV., S. 87. 
6 Pulfrich, Wied. Ann., Bd. XLV., S. 609. 
7 Offret, Bulletin de la soc. frang. de min., t. XIII., p. 405, 1890. 
§ Jamin, Comptes Rendus, t. XLIII., p. 1191; Pogg. Ann., Bd. C., S. 478, 1857. 
Damien, Ann. de l’école norm., sup., 2e série, t. X., p. 257, 1881. 
10 Pulfrich, Wied. Ann., Bd. XXXIV., S. 326, 1888. 
 Riihlmann, Pogg. Ann., Bd. CXXXII., S. 1 u. 177. 
12 Wiillner, Pogg. Ann., Bd. CXXXIIL, S. 1. 
3B. Walter, Wied, Ann., Bd. XLVI., S. 423. 
14 Ketteler, Wied. Ann,, Bd. XXXIII., S. 353 u. 506. 


| 7 
| 


4 HENRY G. GALE. [VoL, XIV. 


B 
When instead of » the constant A of Cauchy’s formula, 7 = A +72 


was used, the following relations were obtained : 


| A?—1 ‘ 

d da 
At 10° .32516 | .75867 .20185 
At 20° 32463 75717 .20159 


At 30° | 32445 | .75644 | .20154 


Wiillner found that the best agreement was given by the formula 


A—I 

bf, the constant 4 being negative for glycerine, alcohol 
and carbon disulphide, but positive for a saturated solution of zinc 
chloride in water. Knops,| Weegmann? and Dufet* obtained 


similar results. 


| 


Ketteler * proposed the formula wana const., and computed 
x from the observations of Knops and Weegmann who had ex- 
tended their investigations to a great number of organic substances. 
Ketteler found values of # ranging from 2 to 8.4. 

On varying the temperature of air, Mascart*® found that the index 
of refraction decreased more rapidly than the density with increas- 
ing temperature, but von Lang® obtained an opposite result by 
measuring the index of refraction directly from air at a high 
temperature to air at ordinary temperatures. 

Benoit’ found that for air the diminution of the refraction was 
exactly proportional to the diminution of density when the tempera- 
ture was raised, and Chappuis and Riviére*® obtained the same 


result for cyanogen. 


'Knops, Liebigs Ann., CCXLVIII., S. 175. 

2? Weegmann, Zeitschr. fiir physikal. Chemie, Bd. II., S. 218. 

3 Duet, Journal de Phys., 2e série, t. 1V., pp. 389 et 477. 

4 Ketteler, Wied. Ann., Bd. XXX., S. 285; Bd. XXXIII., S. 353 u. 506; Bd. 
XXXV., S. 662. 

5 Mascart, Ann. Sc. de l’Ecole Norm. sup. (2), t. VI., p. 9, 1877; Comptes Ren- 
dus, t. LXXVIII., pp. 617, 679, 801, 1874; t. LXXXVI., pp. 321, 1182, 1878. 

Sy. Lang, Pogg. Ann., Bd. CLIII., S. 448, 1874. 

7 Benoit, Jour. de Phys, (2), t. VIII., p. 451, 1889. 

8 Chappuis et Riviére, Ann. de Chim. et de Phys. (6), t. XIV., p. 5, 1888. 
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Biot and Arago,' working between — 1.5° C. and 25° C., found 


that the “ refractive power” * — I was proportional to the density 
d, 


0 


I + at 
temperature coefficient of expansion. Their results, however, satisfy 


when d was computed by the formula, d= »a@ being the 


equally well the relation = const. 


d 
I 


4+2ad 


well for many substances though the liquid into the gaseous state 


Lorenz’ and Prytz* found that the relation “ held fairly 


—markedly better, in fact, than the relation const. Some of 


d 
their results are shown in the following tables : 
= Liquid. Gas. a 
10° 20° 100° 

Ether. 0.30264 0.30287 0.3068 
Alcohol. 0.28042 0.28066 0.2825 
Water. 0.20615 0.20608 0.2068 
Chloroform. 0.17902 0.17909 0.1796 


Mascart * conducted an extensive research on the effect of pres- 
sure on the index of refraction of air, using interference methods, 
Two tubes were filled with air under pressure, the one always a fixed 
amount higher than the other, and the relation between density and 
index of refraction was deduced from the number of fringes which 
passed as the air in the two tubes was brought to the same pressure. 
He found that the refraction x — 1 increased more rapidly than the 
pressure; the ratio increased about I per cent. when the pressure 
was increased to about 8 atmospheres. On taking into account 
variations of density in accordance with Regnault’s formula, d= 
AH(1 + BH), Mascart found that there were still discrepancies. 


1 Biot et Arago, Mem. de la prem. classe de 1’ Institut, t. VIII., p. 301, 1806; Mem. 
del’ Acad. des. Sciences, t. VII., p. 301, 1806 ; Gilberts Ann., Bd. XXV., S. 345, 1807 ; 
B. XXVI., S. 79, 1807. 

2Lorenz, Wied. Ann., Bd. XI., S. 70, 1880. 

3 Prytz, Wied. Ann., Bd. XI., S. 104, 1880. 

‘Mascart, Ann. Sci. de l’Ecole Norm, sup. (2), t. VI., p. 9, 1877 ; Comptes Ren- 
dus, t. LXXVIII., pp. 617, 679, 801, 1874; t. LXXXVL., pp. 321, 1182, 1878. 
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which, however, he considered were within the limits of observa- 
tional error. 

Chappuis and Riviére' kept the pressure in one tube constan 
and measured the change dx in the index of refraction of the air in 
the other tube as its pressure was changed by an amount d//, 
Working with air and carbon dioxide up to twenty atmospheres 
they found that in every case the refractive power, x — 1, was pro- 
portional to the density. 

Carnazzi,? however, working with a prism and a long beam of 


light, found that the ratio —- showed a decided increase in the 


case of air and hydrogen as the pressure was increased, but that 
the ratio decreased with increasing pressures in the case of carbon 
dioxide. 

Since the work which had been done on the relation between 
density and index of refraction of air with a changing pressure did 
not appear to be entirely conclusive, an attempt has been made in 
the work described in this article to get some data on the subject. 
Interference methods naturally suggested themselves as the best 
for attacking the problem, but it was found advisable to modify the 
form of interferometer incommon use. The pressure was measured 
in a simple way by applying the inverse principle of the McLeod 
gauge. The consideration of the investigation divides itself naturally 
into four parts: I. The pressure gauge, II. The optical arrange- 
ment, III. Observations, IV. Conclusions. 


I. THr PRESSURE GAUGE. 


The pressure gauge used is outlined in Fig. 1. A/V is a steel 
rod about an inch in diameter, along the axis of which has been 
drilled a hole, C, about ,'; inch in diameter. JD and £ are steel 
stopcocks which were carefully ground with fine carborundum to 
fit as exactly as possible into tapering holes drilled through the rod 
AB. A piece of heavy copper pressure tubing of fine bore, screwed 
into one end of the rod and soldered in place, connected the pres- 
sure gauge to a large tank which contained air at the pressure to 


1 Chappuis et Riviére, Ann, de Chim. et de Phys. (6), t. XIV., p. 5, 1888. 
?Carnazzi, Il Nuovo Cimento, 6, p. 385, 1897. 
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be measured. Into the other end of the rod AA was fastened one 
end of a glass tube LN of the form shown in the figure. The 
bulb O had a capacity of about 10 c.c., and the tubes OJ/ and JN 
had an internal diameter of about .5 cm. A bulb R, of about 
500 c.c. capacity, for holding mercury, was connected with P by a 
piece of rubber tubing. The height of the mercury in the tubes 
OM and MN was regulated by sliding the clamp 7, which held the 
bulb, up and down the rod S. A threaded rod U, which held the 
bulb, gave an opportunity for fine adjustment. 

The stopcock D had a hole through it of small diameter in line 
with the hole C, through AS. The stopcock £ was a three-way 
cock, having one hole through it in line with C and another half 
way through at right angles to the first. This stopcock was first 
set across so that the air could pass from Z to the center of the 
stopcock and then out through the back of the rod AB, through a 
hole drilled to meet the hole C. A glass tube W was waxed into 
this hole to carry off the overflowing mercury. 

As the bulb & was raised, mercury rose in the tube VOZ, driv- 
ing the air before it through the three-way cock £, and out into the 
tube at 7. When the mercury began to rise in the tube at W the 
stopcock £ was turned through 45°, thus closing all of its openings, 
and the bulb & was lowered until the mercury stood at some fixed 
point, as X, below the bulb O. The mercury then stood in the 
other arm of the tube at some point Y, almost a barometric column 
below X. A very high vacuum could not be expected in O, but 
by measuring with a cathetometer the difference of level between X 
and Y and subtracting this difference from the barometric height, 
the pressure of the gas left in O was found. The stopcock D was 
then opened and the small volume C, between the stopcocks, was 
allowed to fill with air at the pressure of the tank. Some little 
time was allowed for the pressure to adjust itself evenly, the stop- 
cock JD was then closed, and £ was turned another 45°. This 
allowed the small volume of air in C at a high pressure to expand 
into the larger volume QO, the mercury, of course, being forced 
down from X. The bulb & was then raised until the mercury came 
back exactly to its original position X, and a new reading was taken 
for the difference of level of the mercury in the two arms, the level 
in the second arm having been raised to some point Y’. 
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From these readings and the barometric height the pressure in 
the tank may be deduced in the following way : let V be the volume 
of the bulb and tube down to the point X, and call the pressure of 
the residual gas 7. Let v’ represent the volume of the space be- 
tween the stopcocks, and /’ the pressure of the gas in the tank. If 
the final pressure in the bulb, after the three-way cock has been 
opened and the mercury brought back to X,is represented by P, 
the following equations will hold: 


VP + (V+ )P, 


V 


when 
P 
P—P+ 


Since P— P is equal to Y’ — Y, this equation shows that the 
pressure /’ in the tank is proportional to the change from Y to Y’ 


if to this change be added the small quantity h in which / stands 


for the residual pressure, which need never be more than a few 
mm., and £# for the ratio of the total volume to the volume before ex- 
pansion. This ratio need be found only roughly if it is desired 
to measure simply relative pressures. The value of the ratio in this 
experiment was about 30. 

A further advantage was gained by the use of this form of pres- 
sure gauge. Since the density of a gas is not directly proportional 
to its pressure, if the pressure had been measured directly, the 
values of the density, computed from them by the simple law of 
Boyle, would have been too small. But if the gas is allowed to 
expand first by a definite amount and its pressure is measured at 
some smaller value, the departures from Boyle’s law will be negli- 
gible, and the densities at the high pressures will be directly pro- 
portional to these lower pressures. This may be shown as follows : 


=KP—P)4P 
’ 
| 
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M = V.D, = VD, 


o~ 0 


But 
+ @P, + = VP(1 + aP + bP’); 
D Vi, Pii+aP+ dP’), 
Pit + aP, + 


where D,, /,, and V, represent the density, pressure, and volume 
under some standard condition, D, P, and V, the same quantities at 
some high pressure, and (1 + aP + 6/”) is a factor which gives with 
a high degree of accuracy the departure from Boyle’s law. But if 
the high pressure / is allowed to fall by expansion to some small 
pressure P’, the following relations will hold: 


VP(1 +aP + bP?) = V'P'(1 + aP’ + bP”), 
and 


V (1+ aP+6P?) ’ 


D,V'P'(1 + aP! + bP”) 
VP(1 + aP, + 6P,’) 
Since the ratio a is constant, and since ?,, D,, and the factor 


(1 + aP, + 6P.*) are constants, the result found above may be 


written 
D=CP'(1 + aP’ + bP") 


where C is a constant. If the pressures are less than one atmo- 
sphere, the factor (1 + aP’ + 6P’) will not differ sensibly from 
unity, and the density D at the high pressure will be expressed as 
proportional to the small pressure P’. The readings on the pres- 
sure gauge will, then, be proportional to the densities at the high 
pressures and not to the high pressures themselves. 


II. OpricAL ARRANGEMENT. 


The air of which the index of refraction was to be found was 


_ confined in one of two similar stout tubes (Fig. 2), the ends of which 


were closed by pieces of plate glass. Two plates of steel, held to- 


| 
| 
| D_Y, 
| 
| 
| 
| 
| | | 
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gether by bolts running from one end of the tubes to the other, 
pressed the pieces of plate glass tight against the ends of the tubes. 
Rubber washers were placed on each side of the glass plates. One 
of the tubes was connected by copper pressure tubing to the tank 
which contained the air under investigation, and to the pressure 


gauge. 


| | 
E T | 
| 
| 
| | 
| | 
O 
TA 
{ 
©: 1 
O 
| 
| 
| 
| 
Fig. 2. 


It was found convenient to arrange the interferometer mirrors in 
a way different from that in ordinary use, in a manner which is es- 
sentially a modification of Jamin’s form. The objection to the latter 
is that the beams of light cannot be separated to any considerable - 
extent except by the use of very thick plates. On the suggestion of 
Professor Michelson the mirrors were arranged as indicated in Fig. 
3. A and C are “plane parallel’’ plates, each of which is coated 
with a thin film of silver, the plate A on the side nearer the source 
-S and the plate C on the side nearer the telescope 7. # and Dare 
plane mirrors. Light coming from the source S strikes the thin 
film on A ; half of the light is reflected to B and out through C to 7: 
The rest of the light passes through A to D and is reflected to C. 
At C it is reflected, in part, by the thin film C to 7. When the 
mirrors are properly adjusted, the conditions are right for interfer- 
ence, since the two parts of the original beam, when they arrive at 


T, have traveled nearly equal paths. 


‘ 
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The tubes described above were placed between these mirrors, 
so that the light going from A to / passed down one tube, and that 
going from C to D passed down the other. When the apparatus was 
in adjustment and the fringes in view in the telescope, if the den- 
sity of the air in one of the paths was changed, the fringes would 
shift. 


YB 
< 
| 
yc 
} 
Fig. 3. 


Let / equal the length of the tube in the path AB, / the wave- 
length in a volume of the green light given out by incandescent 
mercury vapor in a vacuum tube, let 7’ and /’ be the index of re- 
fraction and wave-length, at a temperature / and a pressure 7’. 
Let JV be the number of wave-lengths in the distance / in a vacuum, 
and JN’ the number at a temperature / and a pressure f’. The fol- 
lowing relations hold: 


N= 
N = 
N' 
VV 
N 


Since NV is constant this shows that the quantity ~’ — 1 under any 
conditions is proportional to .V’ — NV, the number of fringes which 


3 
4 


- 
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would pass on removing from the tube the air of index n’, 7. ¢., 
the air at a temperature / and pressure 7’. 
In practice it was, of course, impossible to remove all the air 


from the tube, but since the ratio was known to be very 


d 
nearly constant, especially at low pressures, the pressure in the tube 
was simply allowed to fall to the pressure of the room, and the 
number of fringes was counted. The small additional number which 
would have passed if all of the air had been removed was computed 
in the following way, and added to the observed number. Let 7’ 
and d” be the index of refraction and density respectively of air at 
the temperature and pressure of the room, and let V”’ be the num- 
ber of wave-lengths in the tube under the same conditions. Let C 


I 
represent the value of the constant ratio ° 7 =a = C. Then 


0 
Ca" + I, 


N 
NV ’ 


N=. 


—N=(n" —1)N, 


Ait,’ 
= C'd" 
n,—1\ 
where C’ is a constant equal to ( ° ), . 
d, A 


The quantity V’’ — XN is proportional to the density @” and is 
equal to the number of fringes which would pass on removing the 
air at the pressure and temperature of the room, and is therefore the 
number of fringes to be added to the number counted while the 


| 
NY —N 
t= 
‘ 
| 
a 
| 
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pressure was falling from p’ to p’’, in order to get the number 
which would have passed if the pressure had fallen from pf’ to o. 


III. OBSERVATIONS. 


In the taking of observations the pressure was measured several 
times, and since only the small volume between the stopcocks was 
drawn off at each measurement, the pressure in the tank was not 
sensibly diminished. In ‘the process of counting the number of 
fringes, the valve at the tank was opened and the tube between the 
interferometer mirrors and the connecting tubes were allowed to fill. 
The valve at the tank was then closed, and the union which joined 
the pressure tubing to the tank was gradually opened and the air 
in the apparatus allowed to escape. It was not at all difficult to 
regulate the escape so that the fringes would pass the cross hairs of 
the observing telescope at any desired rate. On filling the apparatus 
again and repeating the count, it was found that the number of 
fringes was slightly less than before, which meant that the pressure 
in the tank had been slightly reduced by drawing off enough air to 
fill the tubes. This amount of diminution was constant and it was 
not difficult to deduce the number of fringes which would have 
passed at the measured pressure, since this number corresponded to 
the number of the first count. The succeeding counts simply served 
as a check on the first one. 

After a set of readings at one pressure had been taken, the air 
was allowed to escape from the tank into the room until the pres- 
sure had fallen to some desired point, when another set of readings 
was taken. 

One set of readings, taken at the lowest pressure, is given below. 


Temp. 23.8°. Bar. Ht. 74.785. 


x y P—P P [| 


K 
103.5 29.250 40.345 = 11.095 .535 11.113 
“ 29.170 40.085 11.085 11.100 
“ 29.100 40.205 11.105 385 11.118 
“ 29.175 40.245 11.070 460 11.085 
“ 29.160 40.240 11.080 445 11.094 
“ 29.080 40.145 11.065 365 11.077 
- 29.085 40.155 11.070 370 11.084 


| 
| - 
| 
| 
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Mean—11.096. 
Reduced to 0° C.—10.163. 
/= 15.024 cm. — .00005461. 1.0002928. N”—N—72.6. 
Fringes 249.0 N’ — N= 321.6. 
248.8 N’/—N 
248.6 31.64. 
248.4 + 


A similar set of readings was taken for each of the other pres- 
In the first 
column is the approximate pressure in atmospheres; in the sec- 


sures, and the results are collected in the table below. 


ond column the pressure as read on the gauge, reduced to 0° C. 
The third gives the number of fringes, WV’ — J, and the fourth col- 
umn gives the ratio 


N'— N 
A 
n— 1 
which is proportional to / 
| N—N’ 
Atmos. Press. N’--N P 
4. 9.989 316.7 | 31.70) 
10.146 321.2 31.66 (31.67 
10.163 321.6 31.64 } 
yf 18.281 579.2 31.68 
18.365 582.7 317243170 
10.6 26.932 852.6 31.66 
14.2 35.990 1142.1 31.69 
19.2 48.780 1545.1 31.68 


IV. CONCLUSIONS. 


There is probably not an error of more than .1 in any of the 
numbers of fringes. The errors in the pressures however may run 
as high as one or two tenths of 1 per cent. Since the variations in 
the values of the ratio at different pressures do not amount to more 
than .2 per cent., any apparent variations in the value of the 


ratio may be due to errors of observation. It seems, therefore, 


that if there is any departure from the law of Gladstone and Dale up 
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to twenty atmospheres in the case of air, this departure does not 
amount to more than about .1 per cent. The ratio between 
Lorentz’s equation and that of Gladstone and Dale is so nearly 
equal to a constant, 24 that an attempt to compare the two would 
be useless. 

It is desired to express thanks to Professor Michelson, both for 
suggesting the experiment and for valuable advice and encourage- 
ment throughout the work. Thanks are due to Mr. F. B. Jewett 
for the drawings which accompany this article, and to Dr. Mann 
and Dr. Millikan for revision of the manuscript and checking of 


results. 
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MEASUREMENT OF THE INTERNAL RESISTANCE 
OF GALVANIC CELLS. 


By C. H. AYREs, JR. 


N the following paper it is proposed to set forth a new method of 

measuring electrolytic resistance, and to show that, in the case 

of certain galvanic cells, the ¢rve internal resistance is not a function 
of the current passing through the cell. 

It is often questioned whether or not a galvanic cell has a fixed 
resistance, even at constant temperature ; and many measurements 
have been made’ which have been interpreted to show that the in- 
ternal resistance decreases as the current passing through the cell 
increases. Where these measurements were made by steady-cur- 
rent methods, it has been impossibe to separate changes in electro- 
motive force from changes in resistance, and in these cases the 
experimental results may be explained by assuming changes in 
electromotive force fully as well as by assuming changes in resist- 
ance. Where alternating currents have been used either the re- 
ristance has remained constant, or the variations have been much 
less pronounced than those shown by steady currents. Using an 
alternating current, F. Kohlrausch’ found a value for the internal 
resistance which remained constant while the resistance in the 
bridge and the intensity of the current sent through the primary of 
the induction coil were varied between wide limits. Even with 
alternating currents Uppenborn * and Greef* found the resistance to 
depend on the current. Later, however, Haagn,’ by a modification 
of Kohlrausch’s method, found the internal resistance of galvanic 
cells to be independent of the current. The method here em- 


'Streintz, Wied. Ann., 49, p. §71, 1893. Carhart, PHysicaL Review, II., p. 392, 
1895. Richarz, Wied. Ann., 47, p. 567, 1892. 

* Pogg. Ann., Jubeland, p. 220, 1874. Pogg. Ann., 154, p. 1, 1875. Wied. Ann., 
6, p. 1, 1878. Wied. Ann., 11, p. 653, 1880. 

3Electrotech. Ztschr., 1891, p. 157. 

*Greef Dissert. Marburg, 1895. 

5 Zeitschr. fiir Phys. Chem., 23, p. 97, 1897. 
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ployed, which is a bridge method, differs from the preceding in 
that the resistance and the capacity of the cell are separately, but 
in the final adjustment, simultaneously balanced, the self-induction 
being reduced to a negligible quantity. While attention is here 
directed to measurements of resistance, it may be noted that the 
method gives also the capacity of the cell. 


THE METHOD. 


The method here used is a modification of Kohlrausch’s method, 
and is shown schematically in Fig. 1. In the arms AC and BC 
of a wheatstone bridge, the resistance 7, and 7, are in series with 
the condensers c, and ¢,, respectively. AP is the bridge wire ; /, 
an induction coil; and 7 the telephone used in obtaining a balance. 
For the sake of convenience, this arrangement shall be referred to 
as the “capacity bridge.’’ a@ and 4 are the segments into which the 
slider, V, divides the bridge wire A4. When the induction coil is 
running and the system so adjusted that there is silence in the tele- 
phone, the double relation, 


(A) 


is satisfied. If, is the resistance to be measured, the capacities c, 
and ¢, may be fixed, and ¢,, a, and 6 varied to satisfy the above 
relation. +7, is then given by the equation 


(B) 


This method was chosen because by it the internal resistance of a 
galvanic cell may be measured when no steady current is flowing 
through the cell as well as when the cell is sending a current through 
any desired resistance.’ Thus if a battery is inserted between A 
and ¢,, no ‘steady current can flow because of the condenser c,, and 
hence, by means of an alternating current and telephone, the re- 
sistance may be obtained when the battery is delivering no current. 
The battery may then be shunted by a resistance S, the combined 


1 The method employed by Haagn, though different from the one here used, also af- 
forded this advantage. 


| 
| 
| 
| 

| 

| 

| | 

4 


No. 1. ] RESISTANCE OF CELLS. 19 


resistance of the battery and shunt measured, and, by the law of 
shunts, the internal resistance of the battery calculated. A second 
reason for the choice of this method will be shown farther on in this 
paper. 

The induction coil / was a small one, such as in ordinarily used 
with a Kohlrausch bridge. The resistance of the primary coil was 
2 ohms and that of the secondary about 30 ohms. The primary 
was interrupted by the device known as Neeft’s hammer. The 
length of the spring carrying the hammer could be varied, its great- 
est length being twice its shortest. In order that the noise from the 
interrupter might not disturb the observer when using the telephone, 
the induction coil was placed at some distance from the remainder 
of the apparatus, in a room by itself. 

The bridge wire AP (Fig. 1) was a meter long, and, on different 
occasions, had a resistance of from 3 to 5 ohms. 

In the first series of experiments, the condensers c, and c, were 
made of paper and their capacities were varied from 10 to 40 micro- 
farads. In a later series of experiments, mica condensers of 30 
microfarads each were used. 

Several telephones were always at hand, and that one was chosen 
which seemed best suited to the conditions of the experiment under 
consideration. The one most used was a Swiss telephone of about 
80 ohms resistance. Sometimes, however, an American telephone, 
having a resistance of about 1 ohm, was used. 

The method of constructing the vari- c 


able resistance, 7,, may be readily ex- LN. 


plained by reference to Fig. 1. Be- 


tween C and £ isa gap, g, into which T\ OM 
a resistance coil of any desired size " T pn me 
may be inserted. AEGHF is a mangan- 
ine wire, about two meters in length 
and of about 1.25 ohms resistance, fas- 
tened at £ and /,and stretched over 

the two posts G and H. MM’ is a te 4 

trough carrying a drop of mercury 

connecting the two parts, £G and HF, of the wire. The resis- 
tance in g, together with the resistance of and M/F, makes 


2 
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the resistance 7, 7, could be varied, therefore, by changing the 
resistance in g and by sliding 1717’ along the wire. By amalgamat- 
ing the wire before each experiment, an excellent contact between 
the mercury and the wire was secured. 

The resistance to be measured was inserted in the arm AC be- 
tween A and ¢,, and its value calculated equation from (4). In 
order to determine the resistance 7,, it was thrown from the 
arm of the capacity bridge into an arm of a wheatstone bridge, 
where it was compared with a standard resistance by means 
of a steady current and galvanometer. Fig. 2 shows the con- 
nections of the two bridges. G represents the galvanometer 
and £ the cell used with the second bridge. The transfer of ,,, 
from one bridge to the other was effected by means of a two-way 


See, 2 3 


Fig. 2. 


switch, which consists of three mercury wells and a heavy copper 
strap. When wells 1 and 2 were connected by the strap, ~, was in 
the capacity bridge ; and when the strap connected wells 1 and 3, 
r, was in the second or steady-current bridge. This second bridge 
was made entirely of copper, in order to reduce the thermo-electric 
effects to a minimum ; but as 7, was manganine, not copper, and 
thermo-electric currents might therefore be expected, the gal- 
vanometer was connected to the two ends of the bridge wire, its 
circuit being always closed, while the battery was placed across the 
bridge, its circuit being open, except for short intervals of time. 


 /@z 
@ 
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In this way, all trouble from thermoelectric effects was avoided. 
It is not a difficult operation to satisfy the double relation 


(A) 


One has merely to move the slider, V, along the bridge wire until 
a minimum is found, then vary 7, so as to improve the minimum ; 
then again move the slider, and so on until silence is obtained. 
Silence having been obtained, 7, is put into the copper bridge and 
compared with a standard resistance. If r is the resistance against 
which 7, is balanced in the copper bridge, a’ and &’ the segments of 
the bridge wire, then 


b’ 
= a Yr 
and, by equation (A), 
a 


a and 4 being the segments of the wire on the capacity bridge. 
When metallic resistances, free from self-induction, are used in 
the bridge, perfect silence is obtainable in the telephone. This is 
not always the case when a liquid resistance is inserted in one arm 
of the bridge. When polarization takes place in the liquid cell, a 
disturbing effect is produced. This effect we shall refer to as the 
capacity effect of the cell, for it has been shown ' that a polarized 
cell may be regarded as a resistance in series with a capacity. 
When such an effect exists, in the arrangement of the bridge here 
used, it is combined with the capacity of the condenser with which 
it is in series, and causes no error in the determination of resistance. 
If a current of a single frequency were used in working the bridge, 
it would always be possible to obtain silence in the telephone, but 
when the current is made up of vibrations of different frequencies, 
only a minimum sound is obtainable, because the capacity effect of 
a cell is different for different frequencies and it is impossible to bal- 
ance for all frequencies at once.? Suppose the relations (4) are 
satisfied for metallic resistance yr, and r,. If any other metallic re- 


' Varley, Phil. Mag., 4, 41, p. 310, 1871. Kohlrausch and Holborn, “ Leitvermégen 
der Elektrolyte,’’ p. 67. 
2M. Wien, Wied. Ann., 42, 593, 1891 ; 47, 626, 1892 ; 58, 37, 1896; 59, 267, 1896. 
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ristance 7,’ is substituted for 7,, silence may again be obtained by 
varying the resistance 7,, leaving the slider, V, unmoved, for c, and 
c, remain unchanged and 


Now suppose the resistance 7,’ to be a liquid resistance in which 
polarization takes place. The capacity of the arm AC will no longer 
be ¢,, but ¢,’, a combination of c, and the capacity effect of the cell. 
It will not now be possible to obtain a minimum by varying +, only, 
but the slider V must also be moved, for the segments a and 6 of 
the bridge wire must satisfy the relation 


a 


Even in case the capacity effect of the cell causes a considerable 
displacement of the position of the slider corresponding to a mini- 
mum, the resistance of the cell may be accurately measured, for a 
minimum is determined by the double relation 


a 


In this respect, the form of the bridge under consideration affords 
an advantage over the Kohlrausch bridge in which a displacement 
of the minimum causes an error in the determination of resistance. 
This advantage formed the second reason for the development of 
the method. 

RESULTS AND DIscussIONs. 

Experiments with Paper Condensers.—The cell to be measured 
was always inserted in the arm AC so that its resistance corresponded 
to that which has been called 7,. Care was taken to make the re- 
sistance of the connecting wires in the arms AC and AC as small 
as possible. In order to determine whether or not these wires 
caused serious error in the measurement of resistance, standard coils 
were measured. The results showed that resistance varying from 


a 
and r’, is given by the equation 
a 
b 
| 
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one to three ohms could be measured with an accuracy of a few 
tenths of one per cent. The results given here are all above one 
ohm, and are probably accurate to within .5 per cent. Allowance 
was made for the resistances of the end connections of the bridge 
wires. In the copper bridge, in which the wire was of very low re- 
sistance, the end connection at A’ (Fig. 2) was equivalent to the 
resistance of .7 cm. of the bridge wire, while that at B’ was equiva- 
lent to.8 cm. On the capacity bridge, the connection resistance at 
A was equivalent to .19 cm. of the bridge wire, and that at B to .33 
cm. Inthe experiments with mica condensers, the connection re- 
sistances were so reduced as to be negligible. 

The first cell measured was a modified Daniel cell, composed of 
copper in sulphate of copper and zinc in sulphate of zinc. The 
copper electrode and the sulphate of copper were placed in a large 
glass jar, and into the solution of copper sulphate was sunk a porous 
cup containing the zinc and the zinc sulphate. The cell is shown in 
the adjoining figure, and will be referred to by 
its commercial name, ‘“ Excello Cell.”” In the 
tables of observations, given below, 7 repre- 
sents the temperature of the cell, as given by a 
thermometer, the bulb of which was placed in 
the porous cup; V and XR denote the positions 
of the sliders on the capacity and copper 
bridges, respectively ; S denotes the resistance 
by which the cell was shunted, and @ is the value 
found for the resistance of the cell. When no 
shunt is used, the symbol o is placed in col- 


umn S. 

It is noticeable that the setting of the slider was practically the 
same for all these measurements. This shows that if the capacities 
¢, and c, of the paper condensers changed at all during the experi- 


ment, the changes were such that the ratio c,/c, remained constant. 


1 
Next the cell was shunted by resistances varying from 100 to 3 
ohms, and its resistance measured. 
In these experiments, the alternating current in the wires leading 
from the induction coil was less than .o05 ampére, of which only 


a small part went through the cell. Thus the current used in 


i 
, 


= 
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C, = C, = 20 microfarads. August 2, 1900. 


N R é 
25.6 51.20 | 38.4 100 1.700 
25.6 51.20 | 37.98 ow 1.704 
25.6 51.20 | 38.27 100 1.708 
25.6 51.20 38.10 2 1.693 
25.6 | 51.20 38.47 100 1.698 
25.6 51.20 | 38.03 wo 1.698 
25.6 51.20 38.40 | 100 1.700 
25.6 | 51.20 38.00 @ 1.700 
25.5 | 51.20 38.41 100 1.700 
25.5 51.20 38.02 © | 1.698 | 
25.5 $1.20 38.41 100 1.700 
25.5 51.20 37.94 © | 1.704 
25.5 51.20 38.40 100 1.700 
25.4 51.20 37.98 © 1.704 
25.4 51.20 38.44 100 1.698 
25.4 51.20 37.97 @ 1.704 
25.4 51.20 38.44 100 1.698 
25.4 51.21 37.88 oo 1.709 
25.4 | 51.21 38.42 100 1.700 


25.4 | 51.22 | 38.00 1.700 


Mean of open circuit resistance = 1.701 ohms. Mean of closed 
circuit resistance = 1.700 ohms. 


C, = C,= 20 microfarads. August 3, 1900. 


T N R s 5 


23.7 51.20 39.57 100 1.613 
23.7 51.20 39.16 © 1.611 
23.7 51.20 39.85 50 1.616 
23.7 51.20 39.15 ro) 1.611 
23.7 51.20 40.10 40 1.616 
23.7 51.20 39.20 ro) 1.608 
23.7 51.20 40.52 30 1.604 
23.7 51.20 39.18 co 1.610 
23.7 51.20 41.16 20 1.603 
23.7 51.20 39.15 ro) 1.612 
23.7 51.20 42.81 10 1.611 
23.7 51.20 39.21 ro) 1.607 
23.7 51.10 49.52 3 1.604 


23.7 51.20 39.25 ro) 1.605 


measuring the resistance was not merely alternating, but also ex- 
tremely small in comparison with the steady current. 


? 
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The following table contains the results obtained on LeClanche, 
Daniell, and Excello cells : 


| =c,=20 mf, Cg = 40 
Excello Cell | Excello Cell &xcello Cell, LeClanche Daniell Cell | Daniell Celi 
No.1. No. 2. No. 3. Cell. No.1 No. 2, 
| 1.603 1.584 | 1.613 1.184 
100 1.602 1.325 1.092 1.540 | | 
50 1.603 | 
40 1.603 1.072 1.575 l 
30 1.095 1.561 1.611 
20 1.604 1.095 1.551 1.620 
10 1.600 1.321 | 1.096 | 1.181 
3 1.603 | 1.110 


Figures for Excello and LeClanche cells represent single ob- 
servations, while those for the Daniell cells are means of a number 
of observations taken in succession. It was impossible to obtain a 
reliable minimum when low shunts were used on the LeClanche 
cells. In all these experiments, the minimum was sharp and its 
position was readily found. In the case of the Excello cells, it was 
found that if the zinc electrode was kept clean and well amalga- 
mated the minimum was not only sharp, but symmetrical, as is the 
case when metallic resistances are used. Moreover, when the zinc 
electrode of these cells was clean, the position of the minimum 
was practically the same as for metallic resistances. This shows 
that there was no disturbing effect due to polarization. In the case 
of the LeClanche and Daniell cells, the minimum was displaced 
from 1 to 2 mm. from that given by metallic resistances. Under 
these circumstances, of course, the effect being different for different 
frequencies, the minimum was not symmetrical. 


EXPERIMENTS WITH MiIcA CONDENSERS. 


The mica condensers used in this series of experiments had a 
capacity of 30 microfarads each. The resistance of the wires con- 
necting the various sections was very small and as nearly as pos- 
sible the same in both condensers. Before beginning these 
experiments, the two bridges were thoroughly overhauled and the 
resistances of the end connections of the bridge wires were made 
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negligible. Measurements on known metallic resistance, made to 
test the accuracy of the bridge, gave results correct to one-twenty- 
fifth per cent. In the experiments with this apparatus, the cells 
were measured first with no shunt and then with a shunt of 1 ohm. 
In order to keep the condition of the cells as steady as possible, 
they were shunted by a resistance of 10 ohms during the time 
between the different observations. 

The table below contains the results obtained from five different 
cells. The zinc electrode of Daniell cell No. 1 consisted of a rod 
about three inches long and three-sixteenths of an inch in diameter. 
The zinc electrode of Daniell cell No. 2 was in the shape of a 
rectangle about 10 centimeters long and 2 centimeters wide. The 
electrode in the Excello cells, as well as those of the Daniell cells 
given in the first table, were of the size ordinarily used in these cells. 


s Excello Cell Excello Cell Daniell Cell Daniell Cell —— Dry 
° ell, 


No. 1. No. 2. No. 1. No. 2. 
.6133 .5838 2.650 2.044 
1 .6123 2.651 2.027 .1151 
© -6138 .5843 2.656 2.036 .1157 
1 6117 -5855 2.652 2.052 .1151 
© -6112 .5863 2.659 2.036 .1147 
1 


-5863 2.651 2.027 .1158 


The results given above show that the resistance was the same 
whether the cell was in open or closed circuit, within high limits of 
accuracy. However, it is to be noted that the condition of a cell, 
of course, depends upon its previous history, among other things 
upon any prolonged current that may have been flowing, insofar 
as this actually alters the cell. What is here shown is that the re- 
sistance of a cell is not a function of the current strength at the time, 
a result contrary to the conclusions of most other observers. 


ON THE THEORY OF THE BRIDGE. 


Thus far we have considered only the apparatus used and the 
results obtained in actual experiment. It will now be of interest to 
consider the relations between the current in the telephone and the 
magnitude of the various quantities used in the bridge, for from these 
relations we may see what conditions are necessary for accurate 


| 
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work. Our arrangement of the bridge is represented in Fig. 1. 
In the arms AC and AC the resistance 7, and 7, are in series with 
the capacities c, and ¢,, respectively. 7 denotes the telephone, and 
/the induction coil used with the bridge. Let r+, and 7, be the 
resistances of the segments AN and VA of the bridge wire AB. For 
the sake of clearness, the various quantities will be considered under 
separate heads. 

Capacity.—In order to form an idea of how much capacity must 
be used to render accurate measurements of resistance possible, it 
is necessary to write down the expression for the current in the 
telephone. For the sake of simplicity, assume the resistance and 
self-induction of the main branch, A/B, to be so large that changes 
in the capacities c, and ¢c, do not materially alter the current sup- 
plied to the bridge. If the current in the main branch is assumed 


to be 
cos (wt) = (“e+ 


the current in the telephone at any time may be found by taking 
one-half the sum of the currents in the telephone when currents 


— int 


e™ and ¢~™ are separately taken as the currents in the main branch. 


If there is a current ¢” in the main branch, the current in the 
telephone is given by 


aa, 


Z! (1) 
(a, + @,)(@, + @,) + a(a, + a, + a, + 
where 
I 
a, =?r 
inc, 
I 
; 
2 inc, 
a,=Ts 
a, ” 
and 


a=r-+inl, 
r being the resistance, and Z the inductance of the telephone. Put- 
ting these values for the a’s in equation (1), we obtain, 
e"(A+7B) 


(2) 


5 

‘ 

€ 
; 
| > 
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where 
A= Ys), 
C= wh kee, + +k.) + + &), 
D = n[ Kye, + + + — PLA, + 
and 
k, 


Multiplying the numerator and denominator of (2) by (1 — C) 


— 1D, we obtain, 
ne (A + Bi)[(1— C) — 


or 

(A" + iB") (3) 
where 

A(1—C)+ BD 
and 

B(it—C)—AD 
(5) 


If e-* is taken as the current in the main branch, the current in the 


telephone is given by 


and the current in the telephone corresponding to a current cos (m7), 
in the main branch, is 


Z= V4(Z'+Z") 


em int eint —int 


= A” cos (nt) — B” sin (nt) 


whence 
+ B* cos (nt — ¢) (6) 
where 
Br 
tan g= A” 


( 
| 
| 
} 
i| 
| 
| 
| 
| 
| 
| 
| q 
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When +¢,/r, = we have A =o, and when ¢,/c,=7,/r,, B = 0. 
When both A and B are zero, A” and B” are zero; and, therefore, 
by (6), Z=0. Now if it is desired to measure resistances there 
must be a disturbance in the telephone whenever 7,/r, + 7,/r,, even 
if c,/c, = 7,/r,; that is, even if B =o. It is, therefore, desirable to 
study the relations that must exist between the resistances, capacity, 
and inductance in order that the current in the telephone may be 
detected as long as the resistances do not satisfy the condition 
r,/Y,=F7,/r,. The work is much simplified, while its usefulness is 


not at all impaired, by the assumption B=o0. If B=o, 
A( 
C+D’ 


and 
— AD 


hence, if the maximum value of 7 is called 7, we may write 


Z= A[(1— + (7) 


or 


Now 
A=wecl(rr,— 7s); 

therefore, A increases as the product c,c,, and, if C and D are small 
in comparison with unity as is the case when c¢,c, are small, Z will 
increase as the product ¢,c,. In this case evidently Z may be in- 
creased by increasing 7, and 7,, 7. ¢., by increasing the resistance of 
the bridge wire. Let us now assume that c, = c,, as was the case 
in all the experiments made with this arrangement of the bridge, 


and write 
P= : 

and 

D 

Q 
or 
2n*L 
P=",- + + (8) 
l 1 


he 


: 


30 C. H. AYRES, JR. [Vor. XIV. 


and 
ki +k, + 2r 
c 


o=n| — + (9) 


1 


Then equation (7) becomes 
nc? 2 
Z= + 2] , 
or 


Consider ¢, the only variable in the right hand side of equation (10). 
Z is largest for that value of ¢, which makes [P? + Q*]? smallest, 
or for that value which makes 

(11) 


Putting in (11) the values of Pand Q given by (8) and (9g), we 
obtain, 


— ac? + ac,—a,=0 (12) 
where 
a= nL + k,’) 
4+ 2r(k, + 47°) 4+ 
a, = 6n°L 
and a,= 2. 


It is evident that equation (12) always has at least one real, posi- 
tive root. Hence for any given resistances and inductance there is 
always at least one value for c, that makes Z a maximum. 

Let us now study the variations of Z with c, for the special case 
in which ¢, =¢,, L=} 10%, 
and = 10’, these values being chosen because they are of the 
same order of magnitude as those that were used occasionally in 
actual experiment. + is here the amount by which 1, deviates 
from satisfying the relation 7,/r,=¥7,/r. For this case, 


k,= 
A = ; 


C= 108 + 32)c,’ + ¢,10° 
and 
D = 10° [6c, + xc, — 50(4 + 4) 


Tor 


| 
| | 
| 
i 
‘| 
i) ; 
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| 
4124Q—_f 
|| |_| 
| |__|c 
5.40" 10 
| 


Fig. 4. 


If x is small in comparison with unity, we may write, 


C = 8-10°-¢,7 + ¢,: 10%, 
and 


D = 10° [6c, — 2-107 


This makes, by (8) and (9), 


10 


and 


6 
Q= 10°| — 2-108]. 


31 
3 | 
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By equation (10), 
Z= 10°x! P? + 4. (13) 


To find the value of c, for which 7 is a maximum, we substitute 
for P and Q in the equation, 


Q=0. 
This gives, 
— 2001 - 10'c,? + 3- 10%, — 2 =0. (14) 


By Sturm’s theorem, equation (14) is seen to have but one real 
root ; this root Ifes between c, = 107' and c, = 10°. Hence there 
is but one value of c, which renders Za maximum. The relation 
between c, and 7 is shown by Fig. 4. This curve is given in 
two parts, each part having a scale of its own. Part I. shows the 
rapid increase of Z with ¢,, when c, is small. Part II. shows the 
maximum value of Z, which corresponds very nearly to 5-10~° 
farads. Between Parts I. and II. a portion of the curve, having no 
peculiar points, is omitted. The table below gives a few values of 
c,, together with the corresponding values of Z. 


Z Z 
0 0 10°? -1248. 
10-6 2.1072 
2.105 4.10% 5.10°2 .1250 
10-5 10-*r 10°! -1249-x 
10-4 9.210% 1 -1249.r 


-109-x co 


The table shows that 7 at the maximum is only slightly greater 
than the limit approached as c, increases without limit; that is, Z 
is never much larger than it would be if resistances only were used 
in the bridge. The value of c, corresponding to a maximum of Z 
is, in the case under consideration, exceedingly large. It is, there- 
fore, fortunate that accurate work may be done long before the best 
condition is attained. With a bridge wire of two or three ohms re- 
sistance, and with capacities of from twenty to forty microfarads, a 
resistance as low as half an ohm may be measured with an accuracy 
of .5 per cent. 


| i 
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If in place of the telephone, we have a non-inductive conductor 
of resistance, 7, across the bridge, 


P= — wk k, — wrk, + ,), 
1 
and 


O=xn[hk, + &, + 
In this case, 
De,P: P+ De O, 
becomes 
+ + + +47)] + 2=0. 
Since the roots of this equation are always imaginary, there is no 


value of c, for which Z is a maximum. In fact, 


Z = — i's) [ it + H| 
where 

G= Wh? + k2) + 40° 
and 
H= k, + + + kk, + &,). 

And it is evident that 7 increases when ¢ increases, as would natu- 
rally be expected. 

Inductance.—That there is a value of the inductance, Z, of the 
telephone which renders 7 a maximum when the resistances and 
capacity in the bridge are fixed, may be seen by placing the deriv- 
ative, with respect to Z, of the right-hand side of the equation (10) 
equal to zero. This gives the equation, 


D,P-P+D,0:Q=o0, 


an equation which is linear as regards Z. Putting in the values of 
Pand Q, we obtain, 


9 


1 
4+ wh, 


(14) 


From this equation, it is evident that the smaller c,, the larger the 
inductance required to make Za maximum. That the resistance of 
the telephone does not enter into this expression for the inductance 
is not surprising, for we have assumed that we could vary the in- 
ductance of the telephone without varying its resistance. 


| 
§ 


34 C. H. AYRES, JR. (Von. XIV, 
= k, =2, 
¢, = 4°10”, 


n= 10%, 


.0124 henry. 


PART) Il 


= 
| 


PART) 
.001 


Fig. 5. 


Fig. 5 shows the relation between Z and 7 as calculated from 
equation (13) on the assumption that 


=rTr= 1 ohm. 


r=1+4, 


and 
we find 
ane 
| | 
| 
VA | 
| | | 
.007 = ~ 
| [| | 
.006 | 
| 
| | | cam | 
| | 
19° 5.10” 10° 1.2x10" 
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i= 10°, 
and 
¢, = 40 microfarads. 


This curve is given in two parts, having different scales. Part I. 
contains the maximum and is of chief interest. There is a small and 
unimportant part of the curve omitted between Parts I. and II. 
The following are a few values of Z, with the corresponding values 


of 


L | | L | 

.00157x 1.24.10 | .0100x 
10-5 | .00158.x 2.107 .00257x 
10-4 .00158x 5.1072 .000506.x 
10-3 .00170x | 10-1 .000230.r 
10-2 | .00525.x © .0000 


frequency.—In order to see if, by varying , keeping the resist- 
ances and inductance constant, a value of z can be found for which 
Z is a maximum, it will be well to write equation (7) in the form, 
Z a(n", [?? + (1 5) 
where 
I 
P= + re? (2, + 4.) + 2Le,], 
and 


Q nL(k, + 


c, being taken equal to ¢,, as before. 
To make Z a maximum, we make 


+ DQ, -Q,=0. (16) 
Substituting the values of P, and Q, in this equation, we obtain, 
after reduction, 
WL(k, + +n? [4Le, — 
— +hk,) — — — 2=0. 
Or, if we let 2, = 2” 
— — —2=0. (17) 


| 
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If, for example, we take 
¢,= 3-107", 
L= 3 

and 
k, = k, = 2, 

equation (17) reduces to 


28 
10 
145 8’ 
z 
ae 
+—_+—_— —_+—— + 
| | \ 
-3|_| See | | |_| | n 
10 i 
10° 4.10" 10° 
Fig. 6. 
or 
27 
146’ 
hence 
10° 
(146)! 
and 
103 
i= 
(146) 
n=4-10%. 
And the number of complete vibrations per second is given by 
n 2.10° 
, or = 6366. 
Fig. 6 shows the relation between 7 and » as calculated from F 


equation (13) ; it being assumed that 4, = 4, = 2, 


| 
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and 
L= 3 10 


The following table shows a few of the values of x, together 
with the corresponding values of Z. 


— 


n n Zz 
0 0 105 1.6.10-2x 
102 10° 1.7.10°3x 
108 9.10-*x 107 1.7.10-+&x 
104 7.10-2x 108 1.7.10-5x 
4.10¢ 8.6.10-2x 0 


It is to be noticed that Z increases rapidly at first as » increases, 
reaching a maximum when ~% is 4:10‘, and then decreases as 7 in- 
creases, approaching the value of zero as ~ increases without limit. 

The above treatment shows how the accuracy of measurement 
depends upon the relations between inductance, capacity, resistance, 
and frequency of current used in the bridge. 


| —5 
¢,=3 
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ON THE DIELECTRIC CONSTANT OF DILUTE ELEC- 
TROLYTIC SOLUTIONS. 


By A. DE Forest PALMER, JR. 


= 1892 E. Cohn' published the results of a series of determina- 
tions of the refractive index of water and dilute solutions of 
sodium chloride for electromagnetic waves of frequency about 10° 
per second. With an exciter of the well-known Hertz type he set 
up a system of stationary waves along two parallel wires suspended 
partly in air and partly in a long tank containing water or a salt 
solution. A comparison of the wave-lengths in the two sections 
of the wires, determined by a modification of Ruben’s bolometer 
method, gave the results tabulated below where A is the conductiv- 
ity of the water or solution, /, the half wave-length in air, /, the 
half wave-length in water or the solution, and ~ the index of re- 
fraction. The temperature was always between 16.8° and 17.2°. 


33.0 | 886 | 78.5 


Water. 79 | 2924 | 341 | 857 | 73.5 
NaCl solution. 140.0 292.4 | 33.8 8.65 | 74.8 


484.0 | 292.4 


When the conductivity was greater than 532 x 10° he was unable 
to determine the position of the nodes in the solution owing to the 
increased damping of the oscillations. 

A much more extensive and thorough investigation of the same 
subject, by a similar method, was published by P. Drude? in 1896. 
He used an oscillator of the Blondlot type and determined the 
position of the nodes along two parallel wires by the aid of Zehn- 
der’s vacuum tube. Great care was taken to develop a method of 
observation as free as possible from consistent errors and to apply suit- 


1E. Cohn, Wied. Ann., 45, p. 370, 1892. 
2P. Drude, Wied. Ann., 59, p. 17, 1896. 
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able corrections for such errors as could not be eliminated. Contain- 
ing vessels, for the liquids experimented upon, of various dimensions 
and materials were tried and their effect on the results determined. 
After a comprehensive series of observations he was led to the con- 
clusion that, up to a conductivity 4 = 5.3 x 107, the square of the 
index of refraction of a solution varies less than one per cent. from 
the value for pure water. Solutions of copper sulphate and sodium 
chloride were used and the frequency of the electromagnetic waves 
was about 4 x 10° per second. For higher conductivities he found 
that * decreased when the concentration was increased and reached 
a value about 10 per cent. less than that for pure water when A 
equalled 40 x 107%. 

In 1899 W. D. Coolidge,' using Drude’s method, found the wave- 
length in water and in a copper sulphate solution of 6.5 times as 
great conductivity to be the same within 0.2 mm. at a temperature 
19.2°. His mean result for the half wave-length in water was 66.184 
cm., and in the CuSO, solution 66.202 cm. 

Ernest Lecher,” in a footnote to an article on the “‘ Measurement 
of Dielectric Constants by Means of Hertz Oscillations,’’ states that 
the capacity of a condenser, measured by his method with Ruhm- 
korff oscillations, was just the same whether a vessel between its 
plates contained distilled water or a ten per cent. solution of sul- 
phuric acid. The condenser plates were 28 cm. apart and the vessel 
containing the liquid was 27 cm. long. 

E. B. Rosa* in 1891 measured the force between a fixed and a 
movable electrode by means of a torsion balance and found that it 
decreased when hydrant water or minute quantities of acid or copper 
sulphate were added to the distilled water surrounding the elec- 
trodes. The difference of potential required for these measurements 
was furnished by a gravity battery and was mechanically reversed 
about fifty times per second. He thinks that the observed decrease 
in force was due to polarization of the electrodes. 

The investigations of Drude and Coolidge indicate that the index 
of refraction of a dilute electrolytic solution, for electromagnetic 


D. Coolidge, Wied. Ann., 69, p. 134, 1899. 
? Ernest Lecher, Wied. Ann., 42, p. 152, 1891; Phil. Mag. (5), 31, p. 181, 1891. 
3E. B. Rosa, Phil. Mag. (5), 31, p. 188, 1891. 
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waves, is independent of the concentration and the results of Cohn 
do not appear of sufficient weight to controvert this conclusion. 
Hence, assuming Maxwell’s relation £ = x’, we might expect the 
dielectric constant of such a solution to be the same as that of pure 
water. But since this relation has been shown to fail in many 
instances, this deduction cannot be rigorously maintained without 
corroborative evidence from direct determinations of the dielectric 
constants of solutions. Published results of such determinations 
are meagre and inadequate, but they indicate that the change in 
dielectric constant with concentration is very small in comparison 
with the corresponding change in conductivity. | 

After a preliminary experimental and theoretical study of several 
of the best known direct methods, it was decided that small varia- 
tions in dielectric constant could be most accurately determined by 
measuring the force between two electrodes immersed in the solu- 
tion and maintained in the same relative position. The principal 
sources of error in such a method may be expected to arise from 
the polarization of the electrodes, from changes in their relative po- 
sition, due to convection currents in the liquid or to inaccuracies in 
adjustment, and from errors in determining their difference in poten- 
tial. The extent to which these difficulties have been overcome 
will appear in the following discussion. The first apparatus that 
gave intelligible results consisted of two electrometers, constructed 
on the attracted disk type, connected in parallel between the earth 
and one terminal of the spark-gap of a Hertzian plate-oscillator, 
having a frequency of about 4 x 10’ vibrations per second. 

The movable electrode or needle of one of the electrometers was 
shaped like the longitudinal section of a dumb-bell and suspended at 
its center of gravity by a fine platinum rhodium wire. Thealuminum 
disks, of which it was made, were 3.8 cm. in diameter and 0.27 mm. 
thick, and their centers were 5 cm. apart in a horizontal line. The 
plane of the needle was vertical, and, in the zero position, parallel 
to and midway between the planes of the two fixed electrodes. 
These electrodes were slightly greater in area than the disks, and 
were placed adjacent to opposite ends of the needle, so that when 
charged they’tended to rotate it in the same direction. An inverted 
glass bell-jar was clamped against the lower surface of the bed-plate 


| 
| 
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of the instrument and filled nearly to the level of the electrodes 
with strong sulphuric acid to absorb the moisture from the inclosed 
air. A small glass rod was suspended from the center of the needle 
by a platinum wire, and served to damp its vibrations. The other 
electrometer was constructed in essentially the same way, except that 
the electrodes were copper cylinders, about 2.9 mm. in diameter, 
with their axes lying in a horizontal plane and the acid and damper 
were dispensed with. A funnel passing through a hole in the bed- 
plate permitted the introduction of the liquid experimented upon, and 
a stop-cock in the bottom of the bell-jar facilitated its removal. 

Both suspensions were provided with concave mirrors so adjusted 
that, when the needles were in the zero position, the two images of 
an illuminated wire, placed above the center of a scale some dis- 
tance in front of the electrometers, were superposed on the middle 
division of the scale. When the oscillator was put in action both 
images were deflected from the center in the same direction and 
after their position became sufficiently steady they were caused to 
return to the center by suitably turning the torsion heads at the top 
of the suspensions. The action of the oscillator was then interrupted 
and the angles of torsion calculated from the resulting scale deflec- 
tion of the images. When a sufficient number of similar indepen- 
dent observations had been made the solution in the second electrom- 
eter was changed and the operation repeated. 

Owing to variations in the intensity of the oscillating current and 
to irregularities in the intervals between the wave trains sent through 
the electrometers it was at first found quite impossible to bring 
the two images together on the central division of the scale. 
The former difficulty was due to the varying condition of the 
surfaces of the spark balls of the oscillator and was to a great 
extent eliminated by rotating these balls at a high speed in opposite 
directions in a plane parallel to the spark gap. This operation ap- 
parently produced an effect similar to that of a strong air blast 
though the gap or of a strong magnetic field perpendicular to it and 
in the present instance was much more convenient than either of 
these devices. The latter difficulty was due to irregularities in the 
action of the interrupter to the induction coil that energized the os- 
cillator. After extensive experiments with various well-known 
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forms of break, the following construction was found to give by far 
the most satisfactory results. A german silver wire, 0.8 mm. in di- 
ameter and 88 cm. long, was stretched between the poles of a pow- 
erful horseshoe magnet, and a platinum mercury contact was at- 
tached to its center and very near the magnet. The primary current 
of the induction coil was passed through this wire in such a direc- 
tion that it was raised by the magnetic field and the circuit was 
broken. The tension of the wire could be varied at will through a 
long range by a guitar string winch, and the relative time of closed 
and open circuit could be varied by raising or lowering the mercury 
cup by a screw adjustment. The mercury was covered with alco- 
hol, and a Willyoung adjustable condenser was connected in parallel 
with the contact. When the instrument was in good condition and 
properly adjusted no spark was produced at the break, and the in- 
terruption could be maintained regular for an indefinite time. This 
form of break has been used by several investigators, but I am 
uncertain who first introduced it. 

With these appliances the two images could be adjusted to the 
center of scale within an error of one mm., but they could be held 
there only a short time. Calling A the observed angle of torsion 
for the electrometer containing the solution and / that for the other 
eletrometer the ratio 4/A is proportional to the ratio of the forces 
acting on the needles when in the zero position and any change in 
this ratio when the solution is changed indicates a corresponding 
difference in the dielectric constants of the solutions. Distilled 
water of conductivity about 4 x 10~° and ten copper sulphate solu- 
tions varying in concentration from 5 to 4 x gram 
equivalents per liter were tested in this way. The values for A/B 
thus obtained were very irregular not only for the different solutions 
but to a slightly less extent for the same solution. The average 
values for the very dilute solutions showed a small irregular increase 
with the conductivity but when the concentration was greater than 
about 2 x 107‘ they were irregularly distributed about the mean 
value for distilled water. The temperature was so nearly constant 
during the series of observations that the irregularities could not be 
attributed to its variations and it seemed possible that they might 
be due to changes in the constant of the electrometer, caused by 
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completely emptying and refilling it between each set of observa- 
tions, or to corrosion of the copper electrodes. These electrodes 
were consequently replaced by platinum ones of a similar construc- 
tion and the solutions were made in the electrometer itself, by add- 
ing small quantities of a solution of copper sulphate to the water it 
contained, thus leaving the suspended system entirely undisturbed. 
After each addition of the salt sufficient time was allowed to elapse 
for the solution to become uniform before observations were under- 
taken. The results were similar to those before obtained and only 
slightly less irregular. They are graphically represented in Fig. 1 
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Fig. 1. 


where the abscissas are proportional to the concentration Vin gram 
equivalents per liter and the ordinates are proportional to the ratio 
A/B. 

Although these results indicate a slight increase of dielectric con- 
stant with the concentration the method appears incapable of giving 
a trustworthy determination of the relation. This failure is believed 
to be due to several causes. In the first place the oscillator became 
less regular in its action as the conductivity of the solutions in- 
creased and frequently ceased to act altogether so that some of the 
observations may have been made with Ruhmkorff in place of 
Hertzian currents. In this case, on account of the small superficial 


area of the electrodes, an appreciable polarization may have been 
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produced. After some of the settings a slow drift of the image, from 
the electrometer containing the solution, was noticed that may have 
been due to the subsidence of such a polarization. At all events 
the direction of the drift was harmonious with such an explanation. 
Small convection currents in the air electrometer or slight brush 
discharges from the comparatively sharp edges of the needle may 
have introduced irregular errors. Furthermore the fixed and mov- 
able electrodes of this instrument were placed very near together in 
order to make its capacity nearly equal to that of the other electrom- 
eter and it is obvious that small errors in the position of the needle 
would produce relatively large errors in the observed force. Since 
the difficulty experienced in setting the needle in the zero position 
increased with the conductivity of the solution this source of error 
probably accounts for a large part of the observed irregularity. It 
is apparent that errors of setting would have had less effect on the 
result if electrometers of the quadrant type had been used in place 
of those of the attracted disk type. The latter type was adopted 
because I had been unable to devise a high frequency oscillator 
that would produce wave trains of sufficient energy to cause read- 
able deflections with the quadrant form and with low frequencies 
polarization completely masked the results. <A slight change in 
one of the oscillators already tried, without success, obviated this 
difficulty and after some further preliminary work the disposition of 
apparatus about to be described was adopted and found to give sat- 
isfactory results. 

Fig. 2 is a diagram of the oscillating system and electrometer 
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Fig. 2. 

connections. Two large Leyden jars /, LZ’ were placed on glass 
insulating stands and their outside coatings connected to an adjust- 
able spark gap S. The parallel parts of these connections were 
brass rods, about 12 mm. in diameter, 20 cm. long and 10 cm. 
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apart, fitted with right angle clamps at their free ends that supported 
shorter rods 6 mm. in diameter and terminating in brass balls 2.3 
cm. in diameter. The inside coatings of the jars were connected 
with two parallel copper wires, about eight meters long and 20 cm. 
apart, that extended in an inclined plane from the oscillator to the 
ceiling of the room. One pair of quadrants, the needle and the 
brass case of each of the electrometers A and & were connected to- 
gether and to a point x on one of the parallel wires about 2.5 meters 
from Z. The remaining quadrants were insulated from the case 
and connected to the point y on the other wire equidistant from L’. 
A bridge //’ was arranged to slide freely on the wires and its mo- 
tion was controlled by a flexible cord passing over pulleys in the 
ceiling of the room and extending to the left hand end of the ob- 
serving scale. When it was in contact with «zy the observed 
electrometer deflections were very small, but as it was drawn away 
they gradually increased and finally exceeded the length of the 
scale. The frequency of electrical oscillation of the system was 
about 10° vibrations per second and it was not appreciably affected 
by the changes in position of the bridge necessary to produce any 
desired deflection within the limits of the scale. When first set up 
the inside coatings of the jars were connected to the spark gap and 
the outside coatings to the parallel wires, but with this arrange- 
ment the energy of the oscillations was so small or the damping so 
great that no deflection could be obtained when the conductivity of 
the liquid in either electrometer was greater than that of pure water. 
With the reverse connection appreciable deflections were produced 
in liquids of conductivity as high as that of a decinormal solution 
of copper sulphate. The cause of this great difference in action is 
not apparent, but it may be due to differences in effective insulation. 

The two electrometers A and / were made as near alike as pos- 
sible and each was filled with water, or a solution, so that their 
electrostatic capacities were nearly equal. The connecting wires for 
corresponding parts were of equal length and diameter and were so 
arranged that the two branches of the circuit had nearly the same 
self-induction. Each electrometer was supported by a brass bed 
plate, 15 cm. in diameter and 5 mm. thick, rigidly attached, by 
means of three leveling screws, to a substantial wooden frame that 
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was held in position on a brick pier by a heavy weight. A brass 
tube 2 cm. in diameter and 30 cm. long was supported over a hole 
in the center of the plate by a flange and shoulder, and carried at its 
upper end a torsion head from which the needle was suspended by 
a platinum rhodium wire about 20 cm. long and 0.05 mm. in di- 
ameter. A small rectangular window near the base of this tube 
was closed by plate glass and served to admit light to a small con- 
cave mirror on the suspended system. The fixed electrodes were in 
the form of shortened quadrants of a cylindrical surface 9 cm. in 
diameter and 3 cm. high and were supported by brass shanks 15. 
mm. in diameter that passed up through hard rubber plugs screwed 
into holes in the bed plate. The insulating spaces between their 
adjacent edges were about 4 mm. wide. The needle was bent to 
coincide with two opposite quadrants of a concentric cylindrical sur- 
face 7 cm. in diameter and 2 cm. high and the shank by which it 
was supported carried a small binding screw at its upper extremity 
by which it was clamped to the lower end of a short brass wire 
soldered to the suspending wire. Both cylindrical surfaces were 
normal to the bed plate and their axes coincided with the suspen- 
sion. The needle and electrodes were cut from sheet German silver 
o.2 mm. thick and were thoroughly plated with platinum and platin- 
ized before being bent into shape. They were so constructed that 
all soldered connections came above the surface of the liquid in the 
electrometer. A glass bell-jar, about 11 cm. in diameter and 700 
cc. capacity, with a stopcock in its closed end was clamped in an 
inverted position against the under surface of the bed plate and sur- 
rounded by a cylindrical copper vessel that served to shield the 
electrodes from external electrostatic influences and to convey a 
current of water from the city mains for the purpose of regulating 
the temperature when necessary. Generally, however, the tempera- 
ture of the room was more constant than that of the water and the 
latter device was seldom used. The temperature was indicated by 
a mercury thermometer supported by the bed plate with its bulb 
very near the fixed electrodes and as far as possible from the needle. 

The suspensions of the two electrometers were 30.5 cm. apart 
and the line joining them was parallel to and 177.8 cm. in front of 
an observing scale, 150 cm. long, supported by a wooden stand on 
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a brick pier and so placed laterally that a normal erected to its cen- 
tral division would pass midway between the electrometers. Directly 
above this normal a fine steel wire was stretched vertically across 
a small window in the supporting stand and illuminated by an in- 
candescent electric lamp and a condensing lens. The concave 
mirrors on the suspensions were so adjusted that the two images of 
this wire were superposed on the central scale division when the 
electrometer needles were symmetrically situated with respect to the 
fixed electrodes. The images were very sharp and slightly less in 
width than the division marks of the scale, so that readings could be 
easily made to fractions of 1 mm. when desirable. The motion of 
each torsion head was controlled by an endless belt of fine steel wire 
that engaged a wooden lever arm attached to the head and, after pass- 
ing over a system of fixed pulleys, circulated several times about a 
small wooden reel attached to the scale support. The belts were 
kept taut by brass spiral springs and worked so smoothly when the 
reels were turned that no’tremor of the images were observed dur- 
ing the motion. The stretched wire interrupter described above, 
the condenser, and the switch for the primary circuit of the induc- 
tion coil were placed within easy reach of the observer at the scale. 
The electrometers and scale were enclosed in a tent of dark cloth 
supported by a wooden frame attached to the floor of the room and 
mechanically insulated from the brick piers. 

The relative conductivity of the solutions used was determined by 
Kohlrausch’s telephone method with the aid of two pairs of small 
platinum test electrodes similar to the ‘“ Tauchelektroden”’ for 
poorly conducting liquids, described by Kohlrausch and Holborn.’ 
These electrodes were supported by the bed plates of the electrom- 
eters, in a position diametrically opposite to the thermometers, and 
were insulated from them by glass tubes covered with paraffin. 
They were kept in a fixed position throughout the investigation 
and could be insulated or connected to either arm of the resist- 
ance bridge by suitably placing copper connectors in a mercury 
commutator constructed from a large block of paraffin. 

After carefully cleaning the electrodes and bell-jars the electrom- 


eters were assembled and filled with distilled water until its sur- 
1 Kohlrausch and Holborn, ‘‘ Leitvermégen der Elektrolyte,’’ edition of 1898, p. 18. 
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face was about one cm. above the top edges of the electrodes and 
3 cm. below the bed plate. Determinations of the conductivity 
of the water showed that it increased about 30 per cent. per day 
and this was judged to be due to imperfect removal of the salts 
of the plating bath from the surface of the platinized electrodes 
by the extended washing in hot and cold water to which they had 
been subjected. Consequently the electrometers were allowed to 
remain undisturbed about one week and were then refilled with 
fresh distilled water. This operation was repeated at nearly equal 
intervals for three months and measurements then show that the 
rate of increase in conductivity had been greatly reduced. Nearly 
equal volumes of all the solutions investigated were used so that 
the free surface always occupied the same position and produced 
the same effect on the measurements. 

The method of operation in taking the observations was as fol- 
lows: The image of the illuminated wire due to one of the electrom- 
eters (say 4) was set at a convenient position on the scale. The 
interrupter was started and when its pitch became regular the bridge 
pp’ was moved along the parallel wires till the image 2 came to the 
central scale division (75th in this instance), keeping / stationary by 
slight back and forward motions of the bridge, corresponding to the 
irregularities in the intensity of the oscillating current, the image 
from electrometer A was brought into coincidence with it by turning 
the proper torsion head. This adjustment could be easily made to 
a small fraction of a millimeter and maintained constant for an indefi- 
nite time by slight motions of the bridge. The primary circuit of 
the induction coil was then broken and after the images had come 
to rest their position on the scale was recorded. Observations of 
the temperature and conductivity of the solutions in the electrome- 
ters were made and recorded. From six to ten sets of observations 
were taken in this manner, starting each time with the image from 
B in a different position, in order to obviate prejudice in making the 
settings. About 2 cc. of acentinormal solution of copper sulphate 
were then added to the water in electrometer A and the apparatus 
allowed to remain undisturbed for about twenty-four hours in order 
that the salt might become uniformly distributed. On succeeding 
days similar series of observations were made and the concentration 
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of the solution was increased by successive additions of from 2 cc. 
to 4 cc. of centinormal or decinormal solutions of copper sulphate 
until six different solutions had been tested. The solution in A was 
was then kept constant and eight different copper sulphate solutions 
were formed in / and tested in a similar manner. After this series 
of observations / was emptied, thoroughly rinsed out and refilled 
with fresh distilled water. Similar sets of observations were made 
on this water and on five different potassium chloride solutions 
formed as described above. It will be noticed that in the first series 
of observations the solutions in A were compared with water in B, 
while in the last two series the comparison was between various 
solutions in # and a constant solution in A. This procedure was 
adopted since it was found that the conductivity of the dilute solu- 
tion in A was much more constant than that of the water. 

When the two images were superposed on the 75th scale division 
the needles of the electrometers were symmetrically situated with 
respect to the fixed electrodes and the electrostatic forces acting on 
them were balanced by the torsicn of the suspending wires. Since 
the displacements were always small the torsional couples produced 
by the wires were proportional to the angles through which they 
were twisted and when the current was turned off the images were 
deflected along the scale a distance depending on the magnitude of 
the torsion. The formulz ordinarily used in reducing scale read- 
ings to angular measure are obviously inapplicable when the ap- 
paratus is arranged as above described since the normals to the 
minors are not perpendicular to the scale when the images are 
superposed on the 75th division. It is, however, easy to show that 
the angle of torsion @, corresponding to a deflection of the image 
from electrometer A amounting to +, scale divisions is given by the 
expression 


~ 


where S is the normal distance between the scale and the line join- 
ing the electrometer suspensions, 4 the distance from the minor to 
the 75th scale division, 7 one half the distance between the suspen- 
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sions, and x, is measured on the opposite side of the normal to the 
75th division to that on which the electrometer is situated. Simi- 
larly for a deflection x, on the same side of this normal as elec- 


trometer 2. 

x 

I— 


Expanding these expressions in ascending powers of +/A’ 


S 2 S(S? — 3 

ST S(S?— 37? 


From the dimensions of the apparatus it follows that S = 177.8 
cm., 7 = 15.25 cm. and d= 178.5 cm. Substituting these values 


0, x = 27.9 x, — .0134 4,” — .000283 
dg X 10' = 27.9 + .0134 4,7 — .000283 


A table of the values of 30, x 10‘ and 30, x 10' was calculated 
from these formula for values of +, and x, varying by one or two 
centimeters from zero to 60 cm. and the results were plotted to form 
curves with ordinates proportional to the angles and abscissas pro- 
portional to the deflections. The reduction of the observations was 
made with the aid of these curves and a series of calculations for 
points well distributed along the curves showed that the results ob- 
tained by this method never differed by so much as one tenth of one 
per cent. from the results calculated directly from the formule. 

Since the two electrometers were symmetrically connected to the 
same points of the parallel wires they were acted upon by equal 
differences of potential when the oscillator was in action. Hence, 
if 0, and 0, represent the observed angles of torsion when the di- 
electric constants of the contained liquids are x, and x, respectively 


it is obvious that 
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where C, and C, are constants depending on the dimensions of the 
electrometers and the elastic properties of the suspending wires. 
Similarly for angles 0,’ and 0,’ corresponding to liquids of dielectric 
constant «,’ and «,’, 

Ca’ 

(2) 

aks 

Hence dividing (2) by (1) 


(3) 


from which either ratio «,’/«, or «g/«g’ can be determined when the 
other is known. 

Owing to slight differences in the temperature of the liquids ex- 
perimented upon it become necessary to reduce the observations to 
some standard temperature and the necessary corrections were cal- 
culated in the following manner. Write 


«(1 + 


where «, is the value of « when the liquid is at temperature 4, and 


Similar expressions for the other «’s may be written 

=«' (1 + 

Ky = K,(1 + ) 

Ky’ = (1 + fg’ 
Since the temperature differences were small and the liquids used 
were all water or moderately dilute solutions, the temperature co- 
efficients f,, 8,’, etc., were assumed to be the same and equal to 
that for pure water at the mean temperature of the observations. 
Granting this assumption 
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Hence (3) becomes 
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When 4 was used as the comparison electrometer the liquid in it 
was left undisturbed and if we neglect the possibility of small 
changes in its dielectric constant due toa slight increase in con- 
ductivity we have as a first approximation «, = «,’ and 
0,’ 0, 1+ — 4’) 
where «’ is the dielectric constant of the solution experimented 
upon and « that of the water from which it was made. # was 
taken equal to — .004 which is very nearly the mean of the best 
published determinations of this constant for temperature changes 
similar to those observed. When the functions of the two electro- 
meters are reversed and A is used as comparison electrometer the 
reduction formula is the same as (5) with the a’s and /3’s interchanged. 
After the first series of observations had been made and reduced 
it was found that the value of the ratio 0,/0, depended on the man- 
ner in which the test electrodes were connected to the resistance 
bridge. This effect was undoubtedly due to currents induced in 
the connecting wires by the oscillating current in the electrometer 
circuit and the following observations show that it was constant so 
long as the connections were unchanged. Three sets of connec- 
tions were used, P,, test electrodes in A and & connected to adja- 
cent bridge arms; P,, electrodes in A and a rheostat similarly con- 
nected, and P/,, electrodes in # and a rheostat similarly connected. 
When both electrometers were filled with water at temperature 
25.°7 the observations lead to the values of 0,/d, given in Table I. 


TABLE I. 
1.045 1.031 ‘ 
be 1.044 | 1.033 
1.047 1.037 
1.048 1.035 
1.045 1.033 


Mean | 1.046 1.034 


The scale deflections from which these results were calculated 
range from +, = 29.1 cm. to +, = 56.9 cm. and from x, = 27.4 cm. 
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to 1, = 51.5 cm. Unfortunately this set of observations did not 
involve the connection /, and the corresponding value of 0,/d; 
could only be obtained by calculation from the mean value of 
6,'/0,' corresponding to a solution for which the ratio «’/« had 
been determined from the observations with connections /, and /,. 
The solution for which the errors of observation were smallest was 
adopted for this purpose and the result thus obtained was @,/d, 
= 1.05 for connection P,. Table II. exhibits the observations and 
calculated results for a solution of copper sulphate of conductivity 
3.86 times that of the water from which it was made. The letters 
in the column headed C indicate the connection of the test elec- 
trodes that existed when the corresponding scale deflections x, and 
x, were observed and the given values of «’/« were calculated 


from 0,’/0,’ with the acid of the value of 0,/0, for corresponding 


II. 

56.3 51.2 1.037 FP -987 
53.7 49.6 1.024 P, .990 
51.6 46.6 1.050 FP, 1.000 
47.2 43.6 1 033 P, .999 
44.8 40.7 1.054 P; 1.002 
40.7 37.8 1.034 F; 1.000 
39.3 35.9 1.050 F, 1.000 
35.8 33.3 1.036 P, 1.003 
34.1 31.3 1.049 P, .999 


39.5 36.8 


1.033 P, .999 


connections. The mean error of the individual values of «’/x, 
calculated from the average value in the usual manner, is .0052 and 
since this is somewhat greater than the average of the mean errors 
for the other sets of observations, the results given in the table 
convey a fair idea of the general accuracy of the observations and 
reductions. 


During the last two series of observations, A was used as com- 
parison electrometer, and contained a dilute solution of copper sul- 
phate. The test electrodes were always insulated while the elec- 
trometer settings were made, and hence but one value of 0,/d, was 
obtained when # was filled with distilled water. More or less ex- 
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tensive sets of observations on various solutions of copper sulphate 
and potassium chloride lead to the results given in Table III. The 


TaBce III. 

D | ty ts A, As | E N 
2 | CuSO, 26.0 26.0 1.11 1.69 .998 | .0034 8 
26.3 263 4140 2.92 1.010 | .0037 8 
4), « 25.9 260 1.61 3.86 998 | .0052 10 
si; « 25.2 25.3 1.74 4.68 1.003 | .0028 10 
6 ae 24.3 24.3. 1.73 4.64 1.002  .0053 6 
g a 23.9 23.9 2.00 5.63 1.009 .0021 9 
9 CuSO, 23.8 23.8 1.04 2.95 1.000 .0024 10 
10 ae 22.9 | 22.9 1.04 3.62 1.004 .0023 10 
11 as 23.1 | 23.1 | 1.12 4.29 1.006 | .0028 8 
si; * 23.0 23.1 1.16 7.07 1.003 .0052 8 
13 » 22.1 | 225 | 115 | 10.62 1.002 | .0046 7 
15 e 23.6 24.0 1.27 18.45 .986 .0177 4 
16 as 24.9 25.5 1.28 | 19.74 994 | .0059 7 
17 as 25.2 25.9 1.30 32.45 1.007  .0180 6 
19 KCl 25.3 25.3 1.10 3.87 997 | .0047 8 
20 aa 244.8 25.0 1.15 7.65 986 | .0023 6 
22 25.1 25.7 1.25 11.68 990 .0056 6 
23 as 25.3 25.8 1.27 | 14.70 .989 .0046 6 

6 


24 25.5 25.9 1.31 20.79 .0141 


independent series of observations are separated by horizontal spaces, 
and the days of July, 1901, on which the observations were made are 
indicated incolumn D. The salts in the solutions examined appear 
under S. 7, is the temperature of the solution in the comparison 
electrometer, and ¢, that of the solution in the test electrometer. 4, 
is the conductivity of the former solution relatively to its value when 
the ratio 0,/0, was determined, and /, is the conductivity of the lat- 
ter solution relatively to that of the water from which it was made. 
«’/« is the mean of VV independent determinations of the ratio be- 
tween the dielectric constants of the latter solution and distilled 
water, and £ is the mean error of the individual values of «’/x 
These results were derived from the observations by equation (5), 
on the assumption that the dielectric constant of the liquid in the 
comparison electrometer remained constant, except for temperature 
changes, during the several series of observations. Hence, if «’/« 
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had been found to vary with 4, corrections would have been necssary 
on account of the observed variationin 4,._ But, since A, varied much 
more rapidly than 4, and the variations of «’/« from unity were of 
the same order of magnitude as the errors of observation, this cor- 
rection becomes unnecessary. The uniformly low values obtained in 
the third series are probably due to an error of about one per cent. 
in the determination of the ratio 0,/0, when the test electrometer 
contained distilled water. 

The conductivity of the distilled water from which the solutions 
were made, expressed as the reciprocal of the resistance in ohms of 
a column one centimeter long and one square centimeter in section, 
was about 7 x 10~°. Consequently the maximum conductivity of 
the solutions tested was not over 2.5 x 10~* which, for the copper 
sulphate solutions, corresponds to a concentration of about 0.003 
gram equivalents per liter. 

Considering the low conductivity of the solutions, the large area 
of the electrodes, and the high frequency of the oscillating current, 
the polarization might be expected to be vanishingly small and in 
fact the observations gave no evidence of sucha disturbance. The 
electrometer needles were nearly dead beat and the images from the 
mirrors on the suspensions always came to rest in fifteen or twenty 
seconds without the least sign of drift due to subsiding polarization. 
During the adjustment of the images to the central scale division no 
gradual variation of the forces acting on the needles such as would 
be produced by accumulating polarization was observed. On ac- 
count of irregularities in the action of the oscillator some of the 
settings occupied much more time than others and hence offered an 
opportunity for polarization to produce an increased effect, but the 
results calculated from these observations never differed from those 
occupying less time by more than the ordinary errors of obser- 
vation. 

When the images had come to rest after the current was turned 
off they remained perfectly steady so long as the apparatus was left 
undisturbed. Consequently the convection currents in the liquids 
must have been inappreciable. 

In order to determine whether the deflections were influenced by 


changes in the torsional rigidity of the suspending wires due to the 
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heating effect of the currents they transmitted the period of torsional 
vibration of the needle of electrometer A was determined by com- 
parison with the pendulum of the laboratory clock with the aid of 
a double chronographic record. The mean ofa large series of ob- 
servations gave 5,965 secogds when no current was passing through 
the suspension and 5,967 seconds when it was conducting a current 
larger than that used during any of the electrometer settings. Since 
the difference between these values lies within the probable errors 
of observation it is evident that the heating effect was negligible. 

An inspection of the values of «’/« given in Table III., is suf- 
ficient to show that they do not differ from unity by greater amounts 
than might have been expected if distilled water had been used in 
the electrometers throughout all the observations in place of the 
solutions actually used. Hence it is highly probable that the 
dielectric constant of dilute electrolytic solutions, of conductivity less 
than 2.5 x 10~*, is the same-as that of pure water in electric fields 
varying at the rate of 10° oscillations per second. 

It is obvious that the degree of electrolytic dissociation of such 
solutions is very large and the observed lack of change in dielectric 
constant may be due to this fact but the point cannot be definitely 
decided until determinations have been made with much more con- 
centrated solutions. Some such observations have been made but 
they are not sufficiently accurate to lead to definite results and I 
shall therefore defer the discussion of them until I have had time to 
carry out a more thorough investigation of the subject with an ap- 
paratus modified to render it more adaptable to measurements with 
highly conducting liquids. 

PHYSICAL LABORATORY, BROWN UNIVERSITY, 

PROVIDENCE, R. I., Nov. 30, 1901. 
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A STUDY OF THE ACTION OF SOUND WAVES ON 
UNIGNITED JETS OF GAS. 


Fores. 


N this work the Schlerin method of investigation, used and de- 
scribed by Toepler, C. V. Boys, R. W. Wood and others, was 
applied to the study of the behavior of unignited jets of gas when 
subjected to the action of sound waves. Photographs were taken, 
giving a number of instantaneous positions of a jet of unignited 
illuminating gas when acted on by the sound waves from an ordi- 
nary organ pipe. The orifice from which the gas issued was rect- 
angular in shape and was 4.0 mm. by 0.5 mm. in cross section. It 
was placed about 6 cm. from the open end of an organ pipe which 
spoke a fundamental note of 100 vibrations per second. A thin 
rubber diaphragm was placed across the inside of the pipe at the 
node of the fundamental note, and thus protected the jet from the 
action of direct currents of air while it did not interfere with the 
speaking of the pipe. The jet tube was placed so as to expose the 
broad side of the gas stream to the to-and-fro motion of the air par- 
ticles in the sound wave. 

The photographs taken showed the sinuous shape of the jet near 
the orifice, the fan-shaped spreading of the gas particles as they re- 
cede from the orifice and, for low velocities of efflux, the division of 
the jet into two. 

Plates I. to IV. are reproductions of some of the photographs 
taken. Plates I. and II. show two successive positions of the gas 
stream. In Plates III. to IV. the velocity of efflux was less and the 
tendency of the stream to divide into two is evident. This is par- 
ticularly prominent in Plate IV. The sinuous structure of the 
stream near the orifice is noticeable in all of the photographs, and 
in most of them traces of it can be found even in the diffused upper 
portions. The disturbed condition shown in the upper portions of 
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Plates I. and II. is probably due to air currents in the room. The 
two pins, shown at the sides of the jet tube in Plates III. and IV., 
are just one centimeter apart and serve to give an idea of the actual 
magnitude of the phenomena. 

A simple geometrical construction, shown in Fig. I, gives posi- 
tions for the gas stream which agree well with the actual positions 
shown in the photographs. The assumptions upon which the con- 
struction is based are the following: 

1. Each particle of gas as it issues from the tube moves forward 
in a straight line, and with a velocity which is the resultant of the 
combination of the velocity of efflux of the particle and the instan- 
taneous value of the harmonically varying velocity of the air parti- 
cles about the jet at the instant the gas particle issues from the orifice. 

2. This resultant velocity decreases in value as the gas particle 
recedes from the orifice. 

In Fig. 1 the ordinate, 7’, represents the velocity of eflux of the 
gas particles. The abscissex, dg, df, de, dc, etc., represent suc- 


Fig. 1. 


cessive values of the harmonically varying velocity of the air par- 
ticles, due to the sound wave. The lines 7g, jf, se, etc., represent 
the resultant velocities of successive gas particles as they issue from 
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the orifice. The decrease in the velocity of the gas particles on re- 
ceding from the tube is taken account of in the spacing of the hori- 
zontal lines. The lengths of a radial line intercepted between 
successive horizontal lines are assumed to be proportional to the 
velocities with which the gas particle moves as it recedes from the 
tube. 

Suppose the organ pipe used gives a fundamental note of 100 
complete vibrations per second, and it is desired to find the positions 
of successive gas particles following one another from the orifice at 
intervals of 1/1200 of a second. An inspection of the figure will 
show that if the distance traveled by a given particle during 1/1200 
of a second after leaving the orifice is represented by the line, 7 15, 
then the particles which preceded this one at intervals of 1/1200 of 
a second will occupy the positions marked 14, 13, 12, 11, etc. A 
curved line connecting these points represents the position of the 
gas stream at a given instant. Two twelve-hundredths of a second 
later the position of the gas stream will be that of the dotted line in 
the figure. The curves thus obtained are very similar to those 
actually observed in the photographs. 

This construction also explains the apparent division of the gas 
stream into two when the velocity of efflux is small. A low velocity 
of efflux would be represented by a closer spacing of the horizontal 
lines in the figure. Under such conditions it is evident that the gas 
particles would be crowded closer together along the radial lines 7/, 
and 76, than along any other radial lines and would thus give the 
gas stream the appearance of dividing into two. The photographs 
which show a division of the gas stream, show traces in each jet of 
a structure like that at 2, 3, 4, in the figure. 

If the source of sound contains over-tones which are at all com- 
parable in intensity to the fundamental, a construction similar to that¢ 
of Fig. 1, will account for the division of the gas stream into three 
or more jets, a phenomenon which has been noticed. 

In a number of cases the velocity of efflux of the gas from the 
orifice was measured by means of a gas meter, the pitch of the 
organ pipe was determined, and the angle ag, Fig. 1, was measured 
on the photograph of the gas stream. From these data calcula- 


tions of the amplitude of vibration of the air particles in the sound 
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wave were made, based on the geometrical construction given above. 
The results agreed very well with those obtained by other methods. 

The Schlerin method was also employed in studying the vibra- 
tions of the tongue of air in the mouth of a speaking organ pipe. 
A stopped flute pipe of rectangular cross section was used. The 
two sides of the pipe were of plate glass and the air with which the 
pipe was blown passed over a surface of ether before entering the 
pipe, thus changing its optical density and making it readily visible 
in the Schlerin apparatus. A number of instantaneous photographs 
were taken showing different positions of the tongue of air in the 
mouth of the pipe. The direction of the vibration within the pipe 
was obtained by introducing a small jet of unignited illuminating 
gas in the pipe near its mouth and photographing it on the same 
plate with the tongue of air. 

Plates V. and VI. are copies of two of the photographs showing 
the tongue of air in the two extreme positions of its swing. The 
only portions of the pipe shown in the photograph are the lip and a 
part of the butt containing the air slot. The curve of the gas stream 
serves to indicate the direction of the vibration within the pipe. 
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SOME DIFFRACTION PHOTOGRAPHS. 
By FRANKLIN. 


HE accompanying plate is reproduced from one of a number 

of photographs of shadows cast upon photographic plates 

from a monochromatic point-source of light distant about sixteen 

meters from the plate. The objects casting the shadows were about 

three meters from the plate, and the photographic plate was in each 
case at right angles to the incident light. 

Diffraction photographs were made in this way in the shadows of 
a number of different objects, with exposures ranging from twenty 
seconds to seven hours. Among the photographs obtained may 
be mentioned (1) the shadow of a broad straight-edged plate ; (2) 
the shadow of a steel rod; (3) the shadow of five circular discs. 
These discs were suspended upon a network of fine wires, each 
0.004 cm. in diameter. The shadows of the wires show in the pho- 
tograph ; (4) the shadow of a brass plate with several circular holes 
bored through it. These photographs, while well suited for lantern 
projection, are not sufficiently strong for reproduction. 

Photograph No. 5, which is reproduced in the accompanying 
plate, is the shadow of a slit between very carefully worked straight 
edges of brass. The slit was about 15 centimeters in length, taper- 
ing from a width of 0.05 centimeter at the end a, to zero width at 
the end f. The original negative was 20x 25 cm. 


LEHIGH UNIVERSITY, SOUTH BETHLEHEM, Pa., April, 1901. 
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NOTE. 


Rudolph Koenig.—TVhis well-known authority in the science of acoustics 
died in Paris on the second of October, 1901. Koenig was the son of a 
teacher in mathematics at Koenigsberg, in which city he was born on the 
26th of November, 1832. At the age of twenty he went to Paris and 
learned the trade of musical instrument maker under the celebrated maker 
of violins, Vuillaume. In 1859 he set up for himself as a manufacturer of 
acoustical instruments. 

At the London exhibition of 1862 Koenig first made public his beauti- 
ful apparatus for the study of sound waves by means of the manometric 
flame. The applications of this method to various problems in the anal- 
ysis of complex tones were subsequently published in three papers in Pog- 
gendorff’s Annalen. The apparatus constructed in his workshop at Paris 
was largely of his own design and the experiments which he himself per- 
formed with it, and which he described in a series of papers, chiefly in the 
Annalen and in the Comptes Rendus of the French Academy, are among 
the most important contributions to the science of experimental acoustics. 
The results of his work in this field were in 1882 brought together in his 
well-known volume entitled ‘* Quelques Expériences D’ Acoustique.’’ 

Among the best known of Koenig’s investigations may be mentioned 
his study of the fixed tones characteristic of the vowels (1870); his vari- 
ous papers on the synthesis of musical tones ; his researches on the theory 
of the nature of summation and difference tones and his studies of the 
movement of air in organ pipes. Koenig was fortunate in being able to 
bring to bear upon his truly scientific work training of two sorts. His 
knowledge of acoustical theory enabled him to see definitely the nature 
of the problems demanding solution and his skill as a mechanician made 
it possible to produce apparatus perfectly adapted to the experimental so- 
lution of these problems. ‘To his chosen field he devoted himself abso- 
lutely throughout his long career and even during the later part of 
the nineteenth century, when the interest of physicists was directed so 
strongly to electricity that the science of sound seemed likely to be alto- 
gether submerged and lost from sight, he continued to devote himself to 
the work which he had elected to do. Koenig’s last investigation, com- 
pleted in spite of failing health and of the growing disabilities of in- 
creasing age, was on the ‘‘ Highest Audible Tones and upon the Inaudible 
Tones up to 180,000 Vibrations per Second.’’ ‘To the accurate adjust- 
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ment and tuning of forks and other instruments far beyond the limits of 
audibility, by means of their difference tones and by the observation of dust 
figures, he brought to bear the skill resulting from long years of practical 
experience, during which he had with his own hand made the final ad- 
justment of every instrument constructed in his establishment. 
Koenig died in his apartments over the workshops on the Quai d’ An- 
jou, which had for many years been the scene of his scientific activity. 
E. L. N. 
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NEW BOOKS. 
Advanced Exercises in Practical Physics. By ARTHUR SCHUSTER, 
Ph.D., F.R.S., and CHartes H. Lees, D.Sc. The Macmillan Co. 
$2.00. Pp. 368. 
This book is a very welcome addition to our rapidly increasing list of 
laboratory manuals. Intended as a sequel to ‘‘ Intermediate Physics’’ by 
the same authors, it is designed for a second year’s course in physics. 
It is more advanced than most of the manuals now in use in this 
nA country but whether it is advanced enough for a second year’s course de- 
pends in each case on the amount and quality of the laboratory work of 
; the first year. ‘The experiments given had been worked through by 
1 several hundred students in Owens College before the book was published. 
j In general the methods used are accurate and thorough. One of the 
: strongest features of the book is the careful explanation of errors of ob- 
servation. ‘The student is frequently shown the effects of errors of obser- 


} vation on a derived result, and his attention is continually directed towards 
? measuring accurately those quantities whose errors would exert the greatest 
2 effect. ‘Too many students, perhaps through lack of proper instruction, 
a fail to form any idea of how accurate their result should be, even when 
_ | they know how accurately each quantity has been measured. 


Comparatively few errors aré noticed. ‘The first sentence in the para- 
graph beginning ‘‘ ‘The fractional error * * *’’ on page 6 needs a slight 
revision. On page 14 we find the authors saying, ‘‘ the two first and the ' 
two last observations.’’ ‘The work on mechanics is so good that one is 
surprised in not finding more on the pendulum. Not a single experiment 
is given for determining g. 

Some manuals seemed designed to teach the principles of Physics, while 
others are designed to teach laboratory methods. ‘The present work is a 
happy combination of the two. However, a course based on this book 
should by all means be supplemented by lectures, problems, and quizzes. 
In the rapid development of laboratory work there has been a tendency to 
carry it too far. We find that in some of our schools and colleges practi- 
cally all of the student’s time that is devoted to Physics is spent in experi- 
mental work. In doing this the theoretical side is almost entirely 
neglected. ‘The student learns manipulations, but does he learn Physics ? 
Few students can get a working knowledge, for example, of Ohm’s law 
and its various applications simply from the routine laboratory work and 
the instructions found in any manual. Laboratory courses should always 


be supplemented by other work. 
O. M. Srewart. 
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Ziegler Hand Dynamo. 


The dynamo shown gives a current of 
four ampéres, at an electromotive force of 
fifty volts. It will therefore permit of the 
employment of the ordinary 50-volt lamps 
of commerce for demonstration or experi- 
ment. It runs easily and is an_ ideal 
machine for the college and laboratory. 
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ZIEGLER ELECTRIC CO., 141 Franklin St., BOSTON, MASS. 
Send for a copy of Physical Catalogue No. 10. 


RECENT BOOKS ON MECHANICS, Etc. 


The Principles of Mechanics 


An By FREDERICK SLATE, Prof. of Physics, University 
zon nematic nN fo ) 
of California. Part I., pp. x +299. $1.90 net. 


The needs of college students at an elementary stage are considered ; but also the value 
of Mechanics as a system of organized thought, of distinct culture value. 


A Treatise on the Theory of Screws 

: By Sir ROBERT STOWELL BALL, LL.D., F.R.S., 
An exhaustive thoroughly Lowndean Professor of Astronomy and Geometry in 

illustrated Treatise, the University of Cambridge. 8vo, $5.50 me. 


The Thermal Measurement of Energy 


: By E. H. GRIFFITHS, F.R.S., Fellow of Sidney 

Lectures delivered at the Sussex College, Cambridge. 135 p. I2mo (Cam- 
Philosophical Hall, Leeds. bridge University Press Seris), cl., net, 50c; 
postage, 8c. 


A Treatise on Elementary Statics 


: = By W. J. DOBBS, M.A., sometime Foundation Scholar 
For the Use of Schools of St. John's College, Cambridge, with 191 Illus- 
trations. 311 p. 12mo, cl., wet $2.00; postage, 12c. 


THE MACMILLAN COMPANY, 66 Fifth Avenue, New York. 
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A History of Physics 


In Its Elementary Branches, including the Evolution 
of Physical Laboratories 


By FLORIAN CAJORI, Ph.D. 
Professor of Physics in Colorado College. 


Cloth Cr. 8vo, $1.60 net ; postage, 15 cents. 


This brief popular History gives in broad outline the development of the science of 
physics from antiquity to the present time. It contains also a more complete statement 
than is found elsewhere of the evolution of physical laboratories in Europe and America. 
The book, while of interest to the general reader, is primarily intended for students 
and teachers of physics. The conviction is growing that, by a judicious introduction of 
historical matter, a science can be made more attractive. Moreover, the general view of 
the development of the human intellect which the history of a science affords is in itself 


stimulating and liberalizing. 


*« Prof. Cajori has followed his ‘ History of Mathematics’ with a ‘ History of 


Physics’ that is even more interesting and valuable. . . 


Every teacher and student 


of physics should read it and add it to his library. It shows careful study, enthusiasm 
and a comprehensive grasp of the subject.’’—/ournal of Education, 


BY THE SAME AUTHOR 


A 
History of Mathematics 


Cloth, $3.50 ve; postage, 16 cents. 


** What we have a right to expect in such 
a handbook is an agreeable narrative of the 
most material events in the history of 
mathematics, and this Professor Cajori in- 
contestably supplies. The book was much 
wanted.’’— Zhe Nation. 

‘© A scholarship both wide and deep is 
manifest in this //istory of Mathematics 
which the author has infused with his own 
ardor in this department of science.’’ 

—/Journal of Education. 


A History of 
Elementary Mathematics 


Cloth, $1.50 et; postage, 12 cents. 


‘*A most instructive, and at the same 
time a very readable piece of work, full of 
curious facts.’’— Zhe Bookman. 


‘« By no means an abridged edition of The 
History of Mathematics. It is an entirely 
new book, giving a somewhat detailed ac- 
count of the rise and progress of Arithmetic, 
Algebra and Geometry. The book should 
be read by all teachers of these subjects, 
and by mathematical students generally.’’ 

— American Mathematical Monthly. 


Chemical Lecture Experiments 


By Francis Gayno Benedict, Instructor in Chemistry in Wesleyan University. 
12mo, cloth, $2.00 


The material here presented has been in a measure prepared with reference to its use 
by students desiring collateral reading in connection with experimental lectures. An 
elaboration of the Laboratory Manual, the book may also be used by students for the 
preparation of many compounds not considered in elementary text-books. 


THE MACMILLAN COMPANY, Publishers, New York 
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New Books on Astronomy, etc. 


Among THE MACMILLAN COMPANY’S Publications 


By Sir ROBERT BALL, LL.D. 


The Elements of Astronomy 


By the author of ** Star- 
land,’ ‘‘ Atlas of Astron- 
omy,’ The Story of the 
Sun,” ‘* The Theory of 
Screws,’’ etc., etc. 


By Sir ROBERT BALL, LL.D., Lowndean Professor 
of Astronomy and Geometry in the University of 
Cambridge, formerly Royal Astronomer of Ireland. 

Cloth, illustrated, 80 cents ner. 


By JOHN COUCH ADAMS 


Lectures on the Lunar Theory 

The Lectures of Prof. 

Ball's predecessor, edited by 

R. A. SAMPSON, Unt- 
versity of Durham. 


By JOHN COUCH ADAMS, M.A., F.R.S., late Lown- 
dean Professor of Astronomy and Geometry in the 
University of Cambridge. Cloth, 8vo, $1.25 met. 


By W. HASTIE, D.D. 


Kant’s Cosmogony 
Kant’s Essay on the Re- Edited and Translated by W. HASTIE, D.D., Professor 


tardation of the Rotation of of Divinity, University of Glasgow. With an In- 
the Earth and his Natural troduction and Appendices by and a portrait of 
History and Theory of the THOMAS WRIGHT, University of Durham, 

Heavens. Cloth, cr. 8vo, $1.90 net. 


By A. W. BICKERTON 


The Romance of the Heavens 


By A. W. BIC KERTON , Professor of Chemistry, Canterbury College, Christchurch, 
New Zealand University, Author of ‘‘ The Romance of the Earth.’’ 
Cloth, I2mo, $1.28. 


By Sir NORMAN LOCKYER, K.C.B. 


Recent and Coming Eclipses 


_ Accounts of Observations. sis NORMAN LOCKYER, K.C.B., F.R.S., author 
in India, 1898, with Condt- of ‘*The Sun’s Place in Nature,’ etc. Second 


tions of Eclipses of 1900, Edition. \lustrated, Cloth, 8vo, $2.00 net. 
gor and 1905. 


Send for our Monthly bulletin on new publications. Address, 


THE MACMILLAN COMPANY, 66 Fifth Ave., New York 
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Standard Text-Books on General Physics 


The Elements of Physics 


FOR USE IN HIGH SCHOOLS. 
By HENRY CREW, Ph.D., Northwestern University. 
Second Edition, Revised, Cloth. $1.10, et; postage, 12 cents. 


Elements of Theoretical Physics 


By PROFESSOR C. CHRISTIANSEN, University of Copenhagen. Translated into 
English by W. F. Maciz, Ph.D., Professor of Physics, Princeton University. 
Cloth. 8vo. $3.25, net; postage, 17 cents. 


Problems and Questions in Physics 


CHARLES P. MATTHEWS, M.E., sx» JOHN SHEARER, B.S. 
Purdue University Cornell University 


8vo. Cloth. pp. 247+4. Price $1.60, net; postage, 13 cents. 


Ain Intermediate Course of Practical Physics 
By A. SCHUSTER, Ph.D., F.R.S., axv C. H. LEES, D.Sc. 
Owens College, Manchester Owens College, Manchester 
i2mo. Cloth. pp. xv + 248. Price $1.10 met; postage, 10 cents. 
By the same authors 
Advanced Exercises in Practical Physics 
Cambridge University Press Series. Cloth. 8vo, $2.00, net; postage, 17 cents. 


Lessons on Elementary Practical Physics 
By BALFOUR STEWART, A.M., LL.D., F.R.S., ax» W. W. HALDANE GEE 


Vol. I. General Physical Processes, 12mo. $1.50, ¢/; postage, 9c. 
Vol. Il. Electricity and Magnetism, $2.25, ¢/ ; postage, 12c. 
Vol. III. Part I. Practical Acoustics. $1.10, e¢ ; postage, 9c. 

Part II. Heat and Light, /n /ress 


Laboratory Manual of Physics and Applied Electricity 


Arranged and Edited by EDWARD L. NICHOLS 
Professor of Physics in Cornell University 
IN TWO VOLUMES Vol. I. Cloth. Price $3.00, net; postage, 15 cents. 
JUNIOR COURSE IN GENERAL PHYSICS. By Ernest Merritt and FREDERICK 
J. Rocers. Vol. I. Cloth. pp. 444. Price $3.25, net ; postage, rsc 
SENIOR COURSES AND OUTLINES OF ADVANCED WORK By Georce S. Mouer, 
FREDERICK BEDELL, Homer S. Horcukiss, CHAS. P. MATTHEWS, and THE EDITOR. 


A large proportion of the students for whom primarily this Manual is intended are preparing to 
become engineers, and special attention has been devoted to the needs of that class of readers. 


“‘ Books published at me? prices are sold by booksellers everywhere 
at the advertised e¢ prices. When delivered from the publishers, 
carriage, either postage or expressage, is an extra charge.” 
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Mathematical and Physical Publications 


Geometric Exercises in Paper-Folding 


By T. SuNDARA Row. Edited and revised by W. W. BEMAN and D. E. SMITH. 
With many half-tone engravings from photographs of actual exercises, and a pack- 
age of papers for folding. Pages x, 148. Price, cloth, $1.00 met (4s. 6d. mef). 
Just published. 

‘*] have sought not only to aid the teaching of geometry in schools and colleges, 
but also to afford mathematical recreation to young and old, in an attractive and cheap 
form. ‘ Old boys’ like myself may find the book useful to revive their old lessons, and 
to have a peep into modern developments which, although very interesting and instruc- 
tive, have been ignored by university teachers.’’—From the Author's Preface, 


Essays on the Theory of Numbers 


(1) Continuity and Irrational Numbers; (2) The Nature and Meaning of Numbers. 
By RICHARD DEDEKIND. From the German by W. W. BEMAN. Pp. 115. 
Cloth, 75 cents met (3s. met). Mew publication. 

These essays mark one of the distinct stages in the development of the theory of 
numbers. ‘They give the foundation upon which the whole science of numbers may be 
established. The first can be read without any technical, philosophic or mathematical 
knowledge ; the second requires more power of abstraction for its perusal, but power of 
a logical nature only. 


Elementary Illustrations of the Differential and 
Integral Calculus 


By Aucustus DE MorGAN. Newreprint edition. With sub-heads and bibliography of 
English and foreign works on the Calculus. Price, cloth, $1.00 me/ (4s. 6d met). 
‘‘Tt aims not at helping students to cram for examinations, but to give a scientific 
explanation of the rationale of these branches of mathematics. Like all that De Morgan 
wrote, it is accurate, clear and philosophic.’’ —Ziterary World, London. 


The Science of Mechanics 


A Critical and Historical Account of Its Development. By Dr. Ernst MACH, Pro- 
fessor of the History and Theory of Inductive Science in the University of Vienna. 
Translated from the German by THOMAS J. McCorMACK. Second enlarged edition 
published Nov., 1901. 250 cuts. 575 pages. Cloth, gilt top, marginal analyses, 
Exhaustive index. Price $1.75 met (7s. 6d. mer). 

This book is as much a work on philosophy as science. It takes up the subject of the 
development of mechanics as a specimen of scientific development in general and shows 
both the psychology and the logic of the onward movement of human thought. The 
mechanism of the growth of our ideas, the nature of the structure of science and of 
truth in general are here exhibited in the plainest light. 


Popular Scientific Lectures 


A Portrayal of the Methods and Spirit of Science. By ERNsT MAcu, Professor in the 
University of Vienna. ‘Translated from the German by T. J. McCormack. Third 
Edition. Pages, 415. In cloth, gilt top, $1.50 met (7s. 6d.). 

‘*A most fascinating volume, has scarcely a rival in the whole realm of popu- 
lar scientific writing.’’—Boston Traveller. 
‘* Truly remarkable. . . . May be fairly called rare.’’ 
—PROFESSOR HENRY CREw, N. W. University, 
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